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ON THE SPECTRAL PROPERTIES OF A WAVE OPERATOR
PERTURBED BY A LOWER-ORDER TERM

Abstract. The incorrectness of the minimal wave operator is well known, since zero is an infinite-to-one
eigenvalue for it. As our study showed, the situation changes if the operator is perturbed by a low-order term
containing the spectral parameter as a coefficient, and eventually the problem takes the form of a beam of operators.
The resulting beam of operators is easily factorized by first-order functional-differential operators which spectral
properties are easily studied by the classical method of separation of variables. Direct application of the method of
separation of variables to the original beam of operators encounters the insurmountable difficulties.

Keywords: deviating argument, beam of operators, strong solvability, spectrum, functional - differential
operator.

Introduction.

Investigations of the Dirichlet problem for the string oscillation equation in a bounded domain go
back to J. Hadamard [1], who for the first time noted nonuniqueness of solution of the Dirichlet problem
for a wave equation in a rectangle. Burgin and Duffin [2] considered the Dirichlet problem for the
equation Uxx = Uttin the rectangle {0< x < X ; 0<t<T}. It was described that the nonuniqueness of a
solution in a specified space arises if and only if the ratio X/Tis rational. By using Laplace
transformation, they showed that if the number X/T is irrational, then there is the uniqueness of the
solution of the problem in the class of continuously differentiable functions with the second derivatives
integrable according to Lebesgue.

Later these results were refined and generalized by various authors (see, for example, [3], [4], [5],
[6]). S.L. Sobolev [7] constructed an example of a well-posed boundary-value problem in a rectangle for a
hyperbolic system of equations. Yu.M. Berezanskii [8] constructed a class of regions with angles, a
change in the domain inside which leads to a continuous change in the solution of the Dirichlet problem.

For domains with a smooth boundary in smooth spaces, only the question of the uniqueness of the
solution of the Dirichlet problem was studied (see, for example, the paper of Aleksandryan [9]). In paper
[3] V.I. Arnol’d, applying his results on the mapping of the circle into itself, refines the results of [2],
indicating that the proof of theorems on the existence of classical solutions of the Dirichlet problem can
be carried over to the case of an ellipse. A number of studies by T.Sh. Kal’menov and M.A. Sadybekov
are also devoted to boundary value problems of hyperbolic equations [10] - [12].

In [13], using the new general method, the properties of solutions of the Cauchy problem, as well as
of the first, second and third boundary-value problems in the disk for a second-order hyperbolic equation
with constant coefficients are investigated. The application of this method to higher-order equations can
be found in [14]. A new and relatively simple method for constructing a system of polynomial solutions
of the Dirichlet problem for second-order hyperbolic equations with constant coefficients in the disk is
proposed in [15], and it is also proposed to construct a complete set of eigenfunctions for the Dirichlet
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problem for the string oscillation equation. The eigenfunctions constructed in this paper coincide with the
eigenfunctions constructed earlier in the work of R.A. Aleksandaryan [9]. In this paper, the spectral
properties of a beam of operators with a wave operator in the principal part were studied by the methods
of [16]-[21].
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1. Setting of a Problem.

Let Q< R’be a quadrangle bounded by following segments:

AB:0<y<1,x=0; BC:0<x<1,y=1;CD:0<y<1,x=1;, DA:0<x<1, y=0./See
fig.1/

We denote by C 1’I(Q)the set of functions u(x,t) that are twice continuously differentiable with

respect to the variables x and ¢. The boundary of the area € is a set of segments
I'=ABUBCUCDUDA

We investigate the spectral properties of the operator beam

u, —u, =24, +Au, (D)
u y=0 =0 > (2)
ux:O :aule’ |a|:1 (3)

2. Research Methods.

We shall need the following lemmas.

Lemma 2.1. [22]. Let 4 be a densely defined operator in a Hilbert space /7 . Then

(a) A" exists and is closed;

(b) A admits a closure if and only if D(A*) is dense in H , and in this case Z =A"
Lemma 2.2. The set of functions that are finite in the domain €2 is dense in the space r (Q) [23].

Lemma 2.3. If the symmetric operator A hasa complete system of eigenvectors, then the closure of

this operator A is self-adjoint in H , in other words, the operator A is an essentially self-adjoint in /1
[22].
Lemma 2.4. Operator

Lu=iu,(x,y)+u,(x]-) (4)
D(L)={ueC"(Q)nC(Q}u a|=1}. )

yeo = 0u| oy =au

x=1°

is a symmetric operator in space L’ (Q)
{The proof is omitted, because it is done in the standard way}.
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Proof. Let u,v € D(L) then

(Luv _”[m xy +u (xl y xydxdy

ot_,H

1
Ilu X y)v X,y dxdy+
0

11
J‘J‘uy(x’l_y)‘_/(xby)dxdy:‘]l +‘]2 :

Using Fubini's theorem and integrating by parts, we transform the integrals J,,J/,.

5= oo bt = st s = | it sh oy
I { (el y* ziu(x,y)vx (xay)dX}dy - j{j( y)mx}dy _
I
J = ii“y(“ y)vxydxdy=ﬂ
i{-ﬂ%yhﬁd—y*hith—yFALy%@}k=jHﬁ@J—yﬁ§udy@}h=
[l s i

11
Consequently, Lu v = J. J. ulx,y [lv X, y +v (xl y)}fxdy (u,Lv)
00

Lemma 2.5. The spectral problem

() Zw@)

has an infinite set of eigenvalues

and corresponding eigenfunctions

w, (y) = \/Esin[mz - gjy n=12,..,

which form an orthonormal basis of the space L’ (0,1) [24].

Lemma 2.6. The spectral problem
= uwv(x),v(0) = av(l),|a| =1 (6)
has an infinite set of real eigenvalues
Um = arga + 2mmi, m=0,+1,£2, .. 7

and their corresponding eigenfunctions

—— 4 ——
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v (x) = exp[—i(arga + 2mm)x], m = 0,+1,+2, ... (8)
which form an orthonormal basis of space L?(0,1) [16].
Lemma 2.7. If the orthogonal systems {®,(x)} and {,(x)}, n = 1,2, ... are complete in space

A (0,1), then their product {®,(x) - ¥,(x)}, m,n = 1,2, ... is complete in the space L (0,1), where
Q=[0,1]x[0,1] [251.

3. Results of the research.

Theorem 1. The boundary value problem
Lu=iu_ (x,y)+ u, (x,l - y) = f(x, y) 9)
u‘yzo = o=ou i, |a|=1, (10)
has an infinite set of real eigenvalues
A,, =arga +2mmz + (- 1)””(;17: —%) ,, n=012..m=0=+1%2,.. (11)

and the corresponding eigenfunctions
u,,(x,y)= \/_exp[' i(arga +2mr)x ] sin(n;z - %)y (12)

which form an orthonormal basis of space L (O,l)

Proof. Let Su(x,y)= u(x,l —y) then

iu, (x,y)+ u, (x,l — y) = (z% + S%}u(x,y)
we use this formula in the calculations.
Let u,, (x,y) = \/Eexp[— i(argar + 2m7r)x]- sin(n;z - %)y n=L12,..., m=0,+1,%2,....

Then the following formulas hold:

z@iu (x y) = (arga + 2m7z)umn (x,y);
X

0

5 2t () =2 w7 Jexpl- g+ 2o - i)
\/E[nﬁ—%Jexp[ arga + 2m)]- (1) sin(nﬂ—%jy (—1)““[m—§jum(x,y),
(iag + Sag]umn (x,y)=|arger + 2mz +(-1)"" (nzr —%Humn (x, ).

x V

Consequently, la—u (x,y)+ Uy (Xal—y) lmnumn( 7y)’
X

where
T

A,, =arga +2mm + (- 1)"“(}17[ —Ej, n=12,...,m=0,+112,....

Theorem 2. The operator
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Lu:iux(x,y)+uy(x,l—y), (13)

D(L)={ueC(Q)nC(Qu
is essentially self-adjoint in the space L’ (Q)

ye0 =0,u

o —ou

le =1 (14)
Proof. This theorem is a simple consequence of Theorem 1, Lemma 2.3 and Lemma 2.4.

Up to the present time, we have not deliberately spoken about the spectrum of the operator L,
because this concept is inherent only in a closed operator, and our operator has until now been not closed.

In virtue of the Theorem 2 the equality L=L holds.

Further, by an operator L we mean the closure of the operator (13) — (14) and investigate its
spectrum. The eigenvalues of this operator have the form:

A, =arga+2mrx+ (— 1)"+1(n7r —%), n=12,..., m=0+1,12,....

a) Let n =2k k =1,2,... then

i = AIG QL +2mﬂ—(2kﬂ—§j - n{arg“ +2(m—k)+ﬂ _ ;{arg“ +%+2(m —k)}.

T T

The value 2(m -k ) runs through all even numbers, the argument ¢ lies within0 < arga < 27,
therefore

0< 8% lé nea +l<§.
T 2 V2 2 2
Between the numbers % and % there is only one even number 2, which is reached at aria = 2
b)Let n =2k —1,k=12,..., then
Aaioy = Arga + 2ma(2k —1)z —% = ”{aria +2m+ 2k —1—%} = ﬂ[%—éﬁ- 2(m + k)} ;

The quantity 2(77’1 +k ) runs through all even integers. The following inequality holds:

3<arga 3

1
2 Vs 2 2
Between the numbers _E and E there is only one even number 0, which is reached when

arga 3

/4 2

Theorem 3. The spectrum of the operator (13)-(14) consists of two series of infinite eigenvalues:

2) A ﬂ[arg“ +%+ 24 ,m=0,£1,42,...;

T
b) A?) = ;{arg“ —%Jr Zm}, m=0,£1,%2,...
T

i.e. each of these values is taken an infinite number of times, the corresponding eigenfunctions form
an orthonormal basis of the space L’ (Q)

. -1 ., .
The inverse operator L exists if and only if
— 26 ——
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arga 3

(15)
Theorem 4. The boundary-value problem

Lu:iux(x,y)+uy(x,l—y)=f(x,y),(x,y)e Q

ol =1,

u‘y:0=0, ul ., =oul ,

is strongly solvable in space L’ (Q) if and only if
arga

3
z—.
V4 2
— (7! . . .
When condition (15) is satisfied, the inverse operator (L) exists, is bounded, but not compact, since

there is a continuous spectrum of the operator L.
Theorem 5. The spectral problem (1)-(3) has an infinite set of eigenvalues

A,, =arga +2mmr+ (- 1)”“(;17; —%] ,n=12,.., m=0+1%2,..,
and the corresponding eigenfunctions
) T
u, (x,y)= V2 exp[—i(arga + 2m)x]- s1n(n7z - E) v

2

which form an orthonormal basis of space L, (Q2).
The spectrum of the beam of operators (1)-(3) consists of two series of infinite eigenvalues:

a) A = ,{M+l+ Zm} ,m=0,21,42,...;
V4 2

b) A® = ﬁ[arg“ —%+ Zm}, m=0+142,..
T

each of these values is taken an infinite number of times, the corresponding eigenfunctions form an
orthonormal basis of the space L’ (Q)
The proof of the theorem follows easily from the above Theorems 1 - 4. For this it is sufficient to

note that the equation coincides with the equation (1), where

_ /0 0
Lu =iug(xy) tuy(x, 1 —y) = 1<& + S&) u(x,y),

and Su(x,y) =u(x,1—y).

4. Conclusions.

Note that the operator (13)-(14) is a two-dimensional generalization of the operator discussed in [16]
- [17], which has found application to singularly perturbed Cauchy problem [18], to the operator of the
heat conductivity in [19], and to the ill-posed problems of mathematical physics in [20] - [21], and
Volterra problems in [26] - [27].

The spectral properties of the wave operator change dramatically if it is perturbed by the low order
term containing the spectral parameter, in particular, it turns out to be reversible for certain values of the
coefficient of the boundary condition. Zero is an infinite eigenvalue of the Dirichlet problem of the wave
equation. Adding a low-order term with a spectral parameter and expanding the domain of definition
change the situation, the operator becomes reversible.

Authors thank the leadership of the International Silkway University and the Regional Social
Innovation University of Shymkent for the partial funding of the research.
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KIIII MYIEJI TOJKbIH OITEPATOPBIHBIH CIIEKTPOJIAIK KACUETTEPI

AnHotanus. TONKBIHABIK KIllliK OEpaTOPABIH JKANChI3 eKeHI KOTIKe MM, ce0eOi He HYKTeC! IIeKCi3 eceli
MEHIIIKTI MoH.Bi3miH 3epTreynepiMi3iiH KepceTyiHIe KaFaaiapl e3repTyre Oomansl, Oy, YIIIH OIepaTopIsl
CHEKTPANII Tapamerpre KoOeHTiNreH Kim MyIIeMeH TITIpKeHIIpY JKeTKUTIKTi,cOHIa ecebiMi3 omepaTopiap
IIOFBIPHIHEIH KeHimiHe eHeni. byl oneparopiap MIOFBIPEl KapanaibIM OllepaTopIapIblH KOOCHTIHAICIHE KIKTeTe i,
0J1 oTlepaTopiap OHall 3epTTelei.

Tipek ce3aep: aybITKbIFaH apryMEHT, 9JI1i LICIITy, CIIEKTpP, Oneparopiap WOFbIpsl, GyHKIHOHAT-IddepeH-
IIHaJI OIIepaTop.
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O CHEKTPAJIbHBIX CBOMCTBAX BOJTHOBOI'O OIIEPATOPA,
BO3MYIIEHHOIO MJIA MM YJIEHOM

AnHoTanusi. HeKoppekTHOCTh MUHMMAJILHOTO BOJIHOBOTO Olleparopa OOIIEU3BECTHA, TaK KaK HyJb JUI HETO
SABJISICTCA GGCKOHC‘IHOKpaTHbIM CO6CTBCHHI)IM 3HAYCHHUEM. KaK ImoKasajii Halllnu HUCCICI0BaHUA, IIOJIOKCHHC
HU3MCHUTCA, €CJIM BO3MYTUTH €TI0 MJIAAIINM YJICHOM, COACPKAIIUM B KadYC€CTBE KOB(I)(I)I/I]_II/ICHTa Cl'[el(TpaJ'leblﬁ
napaMmeTp, B HUTOTe 3ajlaya MPUHMMAET BHUJ OIEPATOPHOrO Mydyka. [lOJMydYeHHBIH ITydOK ONepaTopoB JIETKO
(hakTOpU3yeTCst C MOMOIIBIO (HYHKIMOHATBHO— (D (hepeHIHATBHBIX OMEPATOPOB MEPBOTO MOPSAAKA, CIICKTPAIbHbIC
CBOICTBAa KOTOPBIX JIETKO H3y4arOTCsl KIACCHUECKHMM METOJOM pasjielieHus TepeMeHHbIX. HemocpenacTBeHHOe
NpUMEHEHWE METoda pasjelieHus] IEPEMEHHBIX K HCXOIHOMY TIIy4Ky OIEpaTopoB HATaJIKWBAeTCsS Ha
HETIPEOI0IUMBIE TPYIHOCTH.

KaroueBble cj0Ba: OTKIOHSIONIAECS AapryMEHT, CHIBHAS pPa3peldMOCTh, CIEKTP, IMY9YOK OIEpaTopoB,
(dyHKIHOHATBHO- MDD EepeHIInATIbHBIN OIIepaTop
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