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ON LAGRANGE STABILITY AND POISSON STABILITY
OF THE DIFFERENTIAL-DYNAMIC SYSTEMS

Abstract. The real difference-dynamic system is considered. The case of unlimited continuity of solutions is
investigated for this difference-dynamic system. Unlimited continuity to the right of solutions of the difference-
dynamic system is a necessary condition for Lyapunov stability of solutions of this system. Using functions similar
to Lyapunov functions, sufficient conditions for the unlimited continuity of solutions of the difference-dynamical
system are obtained. The concepts of Lagrange stability and Poisson stability are introduced. Relations between
Lyapunov functions and Lagrange stability are investigated. Using the discrete analogue of the second Lyapunov
method, the necessary and sufficient conditions for Lagrange stability of the solution of the difference-dynamical
system are obtained. A dynamic-difference system is considered for which a discrete operator is constructed, with the
help of which the Poisson stability of the system solutions is investigated.

Key Words: difference-dynamic system, continuity, Lyapunov functions, Lagrange stability, Poisson stability.

Introduction

Concepts of Lagrange stability and Poisson stability play an important role for studying the
qualitative behavior of the trajectories and of the motion of dynamical system given in an arbitrary metric
space.

By the Lyapunov functions method necessary and sufficient conditions for the Lagrange stability of
systems of ordinary differential equations are obtained in the loshizawa work [1]. Poisson stability was
investigated from the position of the topological theory of dynamical systems in [2,3]. In these papers a
differential operator is constructed in the class of ordinary differential equations. Using this differential
operator Poisson stability of solutions of the ordinary differential equations is studied. In [4] the problem
of stability of a program manifold with respect to the given vector-function of non-autonomous basic
control systems with stationary nonlinearity is investigated.

In this paper the concepts of stability according to Lagrange and Poisson are considered in the class of
difference-dynamic systems.

Lagrange stability of the difference dynamic systems
Unlimited continuity of the solutions of the difference-dynamic systems.
Consider the real difference-dynamic systems
Xp41 =X (n,x,), n=20. )]
There are two possibilities for arbitrary solution x, = x(n,n,,x,), g € N*:
1) x, makes sense on the infinite set N, = {ng,ny+1,..,n,..}. Then it will continue to the

right.;
2) x,, is defined only on some finite interval {ny,ny + 1, ...,m — 1}, here m < oo,
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Lemma 1. If the solution x, has a finite time to determine {ny,ny + 1, ..., m — 1}, m < oo, then

[lx, |l = compun - m—0.

Proof'is obvious, see [5].
Consequence 1. If the solution X, = x(n,no,xo) is limited on its maximum existence interval

X, = x(n, Ny, xo) , then it remains infinitely continued to the right, i.e. m = oo.

Unlimited continuity to the right of solutions (1) of the difference-dynamic systems is necessary
condition for stability according to Lyapunov of solutions of the difference-dynamic systems. Using
functions similar to Lyapunov functions, one can obtain sufficient conditions for unbounded continuability
of the solutions of the difference-dynamic systems (1) for n — +oco.

Let us consider the difference-dynamic systems (1). Let x, be solution with initial condition

X, = x°.It's clear that
1) This solution can be continued for all ny < n. Then the solution x,, can be extended indefinitely.
2) There is m > ng such that ||x,]| - o for n — m. Then the solution x, has a finite definition
time.
3) The solution x,, is bounded.

The boundedness of all solutions is stability in a manner. In this case there is Lagrange stability
[1,6,7].

In this paper relationships between Lyapunov functions and Lagrange stability (boundedness of
solutions) are studied.

Using the discrete analogue of the second Lyapunov method necessary and sufficient conditions for
Lagrange stability of the solution of the difference-dynamic system are obtained [1].

Definition 1. Difference-dynamic system (1) is called Lagrange stable if

. +
1) 3 solutions x(n,no x"o) for n€Z", here n, € Z+;

2) Han is bounded on Z*.

For example, if the difference-dynamic system (1) has a bounded solution that is asymptotically stable
in general. Then difference-dynamic system (1) is Lagrange stable.

Using Lyapunov functions, it is easy to formulate necessary and sufficient conditions for the
Lagrange stability of the difference-dynamic systems (1).

Theorem 1. Difference-dynamic systems (1) is Lagrange stable if and only if there exists the function

V(n,xn) on Z* x R¥ such that
DV (nx,)2 W (x,),here lim W (x, ) =o0;

X, —>0
2) the function V' (n, X, ) is not increasing for all solution X, .

Proof. Sufficiency. Let there is a function V' (I’l,xn) with properties 1) and 2) for the difference-

dynamic system (1). For all solution X (I’l; Nys Xy, ) (no e’/ +;

w <)

By virtue of condition 2), we have V(n,xn) < V(I’lo,xn0 ) for n > n,.

Using 1) we get
W(x(n;no,xno))ﬁV(n;x(n;no,xno))ﬁV(no,xno) for n=>n,. )

From the inequality (2) it follows that the solution x(n; Mo Xy, ) is bounded.
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Indeed, if this is not the case, then there would be a sequence of moments 7, —

(l =12...;n > no) such that limen H = 00. Hence limWx, = oo.
[—>aoll ™ [—o0 !
This would contradict inequality (2), which is impossible.
Necessity. Let arbitrary solution X, = x(n;no;xno ) exists and bounded on Z " for the difference-

dynamic systems (1).

Set
2
V(n,xn)zsupHx,Hv :supHx(n+v;n,xn) , 3)
v>0 v>0
here ‘ X, ||<o,n>n, € AN From the formula 3) we have
2 2
vV, =z Hx(n +v;n,xn)‘ = ‘ x| = W(xn).

And, obviously lim W(xn) = 00. That is, condition 1) is fulfilled.

a0
Further, considering that due to the uniqueness of the solution, X, = x(n; ny; X, ) is a continuation

of the solution X, = x(l’l;l’ll;xnl) for ny <n; <n,, we have

2

V(n,xn1 ) = sug”x(n1 + v;nl,xn)
V>

:V(nz;x(nz;no;xno)).

Thus, condition 2) is also satisfied.

2
‘ > supHx(n2 + v;nz;x(nz;no;xno ))
v>0

Poisson stability of the difference dynamic systems

The concept of Poisson stability introduced by A. Poincaré [7] originated in celestial mechanics. This
concept represents the broadest concept of periodicity and is characterized by a property called recurrence.
Poisson stability is considered as a general concept of the oscillatory regime [6,7].

The problem of Poisson stability was studied from the position of the topological theory of dynamical
systems, the main purpose of which, as noted by J. Birkhoff [9], is the classification of movements and the
establishment of a connection between them. Such classes include periodicity, almost periodicity in the
sense of G. Baire [10], recurrence in the sense of J. Birkhoff [8], almost recurrence in the sense of M.V.
Bebutov [11]. The common property of all these classes is the recurrence property, and each individual
Poisson stability class is determined by a certain peculiarity of the recurrence character specific for this
class. The problem of strong stability and a change in the stability of difference-dynamic system was
studied in [12]. Here we consider the difference-dynamic system for which the discrete operator is
constructed [2,3], with the help of which the Poisson stability of the solutions of the difference-dynamic
system is investigated.

Let us consider the difference-dynamic system

Xn1 = F(n,xp). (4)
Here x, € R™, n€Z, f is vector function, defined and continuous with its partial derivatives
] .
2 kj=1,..,monZXxD.
Xn

The fulfillment of the indicated conditions means that the conditions of the following existence and
uniqueness theorem are satisfied for system (4).
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Theorem 2. Let
(o, o) (5)
be some point of the set Z X D. Then for all point (5) there is a solution & (n) of the difference-dynamic
system (4) with the initial condition
§(ng) = &, (6)
defined on some interval containing the point ny. Moreover, if there are two solutions with the same initial
condition (6), each of which is defined on its set containing the point ny, then these solutions coincide in
the common area of their definition.

Let
xn = @), (7)
be solution of the difference-dynamic system (4), defined on (k, k + 1, ..., k + 7). Let
xn = P(n) (8)

solution of the same system, but defined on some other interval ([,l +1,...,1 + 8). We will say that
solution (8) is a continuation of the solution (7), if interval (I, + 1,...,1 + 0) contains interval (k,k +
1,...,k + 7). Solution (8) coincides with solution (7) on the interval (k,k + 1, ...,k + 7). In particular, it
is considered that solution (8) is a continuation of solution (7) if the interval (I, + 1, ...,I + 8) contains
interval (k,k + 1, ...,k + 7). And solution (8) coincides with the solution (7) on (k,k + 1, ...,k + 7).
Solution (8) is a continuation of solution (7) even in the case when the intervals ([,l + 1, ..., + 8) and
(k,k + 1, ...,k + 1) coincide, as solutions (7) and (8) completely coincide.

Solution (7) is called noncontinuable if there is no solution different from it, which is its continuation.
It is easy to show that each solution can be continued to a non-continuable solution. And there is the only
way to do it. Therefore, in the future, only non-continuing solutions will be considered. To emphasize that
some solution &(n) of the difference-dynamic system (4) is solution with initial condition (6), further we
will write this solution in the form

f(n' Ny, Ny, 50) (9)

Then it is easy to see that

1) For each point (5) of the set Z X D, there is a noncontinuable solution of the difference-
dynamic system (4) with the initial condition (6).

2) If some noncontinuable solution of the difference-dynamic system (4) coincides with some
other noncontinuable solution of this system with at least one value of n, then it is a continuation of this
solution.

3) If the two continued solutions of the difference-dynamic system (4) coincide with each other
for at least one value of n, then they completely coincide. I.e. they have the same definition interval and
they are equal on it.

Let (9) be some non-continuable solution of the difference-dynamic system (4) with the initial
condition (7) defined on the interval

(k1 (g, €0); k2 (g, §0)), (10)

depending on the initial values (5). Set S is the set of all points (n,ny,&,) of the space Z X Z X D for
which solution (9) is defined and satisfies the obvious conditions: point (5) belongs to the set Z X D and
number n to interval (10). Then the following theorem holds, which is well known as the theorem on the
continuous dependence of solutions on initial values.

Theorem 3. Set S of all points (1, ng, &) ) is the open set in the space Z X Z X D. On the set S the
function &(n,ng, &,) is defined. This function is the continued solution (9) of the difference-dynamic
system (4) with the initial values (5). At the same time, the function £(n, ng, &y) is continuous across all
arguments on S.

We now note that along with the concept of the difference-dynamic system (4) solution, it is often
more convenient to use an object very close to it, which we call motion.

Let (9) be a not continued solution defined for all values of n € Z and let ¢ be a function given by

p(ng,m, &) = E(no +n,mp, o). (11)
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Suppose that under the action of some law mathematically described by the difference-dynamic
system (4), the physical system will go into a new state &; in time n € Z*. From a mathematical point of
view, seems appropriate to determine &; through the solution of the difference-dynamic system (4) using
the formula &, = &(ny + n,ny, &). From a physical point of view, the record & = @ (ng,n, &) is more
appropriate. In this case, obviously, the concept of solution of the difference-dynamic system (4) and the
concept of the function ¢, corresponding to it, are equivalent.

Definition 2. Let ¢ ([, n,p) be the mapping of the set Z X Z* X D on the space D. Set ¢(l,n,p) =
0(l,n)p and we will assume that

1) mapping ¢( [, n,p) is continuous on set of variables [,n,pon Z X Z* x D;

2) thereis O(,0)p =p forall (I,p) =Z X D,

3) 0(l+s,n)0(,s)=0(,n+s) takes place forall (,n,s) € Zx Zt x Z*,

Then we say that ¢([,n,p) is a motion of a non-autonomous difference-dynamic system [7] if the
pair (1,p) € Z X D is fixed.

From the above definition it can be seen that the concept of motion is broader than the concept of the
solution of difference-dynamic system (4). Thus, in particular, the mapping ¢( [, n, p) does not have to be
differentiable with respect to n, not to mention [, p. At the same time, if in the domain of definition of the
solution x,, = &(n,[,p) of the difference-dynamic system (4), defined for neN*, we take @(l,n,p) =
E(lL+n,l,p), then it is easy to see that the above definitions of motion and solution are very close.
Moreover, the motion turns into a solution if [ = 0. Finally, we call the operator O(l,n) the shift operator
along the motion ¢@( [, n, p). It should also be noted here that the form of the shift operator O(l,n) along
motions corresponding to the solutions of the difference-dynamic system (1) is determined by the right-
hand side of the difference-dynamic system.

Definition 3. A point p € D is called Poisson positively stable if for each neighborhood A, and for
each positive number T one can specify such number n > T that ¢(n,p) € A,. Similarly, a point p € D
is called Poisson negatively stable if for each neighborhoods A,, and for every positive number T one can
specify such number n < —T such that ¢(n,p) € Ay,. And, finally, the Poisson stable point, both
positively and negatively, is called Poisson stable [2,5,13]. This is equivalent to the fact that the motion
@(n, p) intersects an arbitrary neighborhood A,, for infinitely large n.

Theorem 4. If a point p € D is positively Poisson stable, then each point of the trajectory, described
by the motion @( n,p), is also positively Poisson stable. A similar statement holds for points that are
negatively Poisson stable.

Proof. First of all, we note that a point p is positively Poisson stable if and only if there exists such a
sequence nq, Ny, ... , Ny, ... , liMg_ e Ny = 400

Jim ¢ (ny, p) = p- (12)
Indeed, the definition of positive stability follows immediately from the equality (12). Conversely, if
positive stability holds, there exists a sequence of positive numbers &4, &5, ... , &, ... , liMy_ 4 & = 0 and

positive integers ny, > k, uto d(p, (ng, p)) < &, whence follows (12).
Suppose now that p is the arbitrary point of trajectory of the function @( n,p). Then, by virtue of
property 1) of definition 2, the equality Ilim p(n+ n,,p) = @(n,p) takes place for all values n € Z.

By virtue of Theorem 4, it is easy to see that in the future it makes sense to speak of positive stability
and negative stability and Poisson stability not of individual points, but of motions and trajectories of
dynamical systems.

K.B. Banaes', I' K. Bacuinna'?
'Maremaryka sKoHE MaTeMaTHKAIBIK MOJIEIIEY HHCTHTYTHI, Anvatsl, KasakcTan;
* AJIMaThl SHEPreTHKA XKoHe Oaiianbic yHUBepcHTeTi, AnMaThl, Kasakcran

JTAHAMUKAJBIK-AMBIPBIM/JIBIK KYWEJEPIIH JATPAHK

7KOHE ITYACCOH BOMBIHIIA OPHBIKTBLIBIFBI TYPAJIBI
AnHoTtanusi. HakTel AMHAMUKAJIBIK-aHbIPBIMABIK JKYHe KapacThIpbliabsl. OHBIH HIEMIIMAEPiHIH HIEKCi3 KeHEell
JKaFJaibel 3epTrensi. JnHaMIKaIbIK-alBIPBIMABIK KYHEHIH MIeITiMIepiHiH OHFa Kapai MeKCi3 KeHEr1 OCHI )KYHeHIH
memriMidig  JISmyHOB OOWBIHINA OpPHBIKTBUIBIFBI YIIIH KaXKeTTI MMApThl OONBIN TaOBUIamel. JIAITyHOBTHIH
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(yHKIHMACHIHA YKcac (QYHKIMIApAbl KOJMAHY apKpUIBl 013 TWHAMHKAJBIK-aHBIPBIMIBIK KYHEHIH MIemiMIepiHig
IIeKCi3 KEHEIol VINiH JKEeTKUTIKTI IapTTapbl anbHAbeL. Jlarpamk OOWBIHINA OPHBIKTBUIBIFBIHBIH koHE I[lyaccoH
OOHBIHIIIA OPHBIKTBUIBIFBIHBIH YFRIMIApPEl  eHTi3inmi. JlsnyHoBTHIH QyHKIMsmapsl MeH Jlarpamk OoibIHIIA
OPHBIKTBUIBIFBI aPaChIHIIAFbl KaTbIHACTAP 3epTTesai. JIAMyHOBTBIH €KIHIII SICIHIH JUCKPETTI aHAJOTBIH KOJIaHY
ApKBUIBI IMHAMHKAIBIK-aiBIPBIMABIK KYHEeHiH memiminiy Jlarpamk OoWbIHIIA OPHBIKTBUIBIFEI YIIIH KaXKeTTi XKoHE
KETKUTIKTI IIapTTap anblHAbl [IMCKpPETTI onepaTtop KypbUIaThIH JUHAMHUKAJIBIK-aHbIPBIMABIK KYHe KapacThIPhUIIBL.
KypsputraH onepaTtopblH KeMeTiMeH jKyHeHiH 1emmimaepinid [Tyaccon 0o#bIHIIa OPHBIKTBUIBIFBI 3€PTTENI.

Tyiiin ce3aep: AMHAMUKAIBIK-afBIPBIMABIK JKy#e, LIeKci3 KeHero, JIamyHoBTHIH (yHKuusiapsl, Jlarpanx
OolibIHIIIa OPHBIKTBUIBIK, [lyaccoH OOMBIHIIA OPHBIKTHUIBIK.

K.B. Banaes!, I'.K. Bacuaunna'”

'MHCTHTYT MaTeMaTHKH 1 MaTeMaTHIECKOTO MOJIeMpoBanHs, Anvarsl, Kazaxcran
? AJIMATHHCKHIi YHHBEPCHTET SHEPIeTHKH U CBsi3H, AnMarsl, Kazaxcran

OB YCTOMYUBOCTHU PABHOCTHO-TUHAMUYECKUX CUCTEM
IO JIATPAHXY U 110 ITYACCOHY

AnHoTauus. PaccmarpuBaeTcs AelicTBUTENbHASI Pa3HOCTHO-IMHAMMYECKAsl CUCTEMA Uil KOTOPOH UCCIIEoyeTCs
ClIy4yall HEOTrpaHMYEHHOW MpOAOIDKAEMOCTH peuleHud. HeorpanuueHHas NpOJOIKAEMOCTh BIPABO PELICHUH
Pa3HOCTHO-IMHAMHUYECKON CHCTEMBI SBISIETCSI HEOOXOIMMBIM YCIOBHEM YCTOMUMBOCTH B cMbIcie JlsmyHoBa
pewieHuit 3ToM cucrembl. Mcmonb3ys (yHKIMM, aHalorMuHble (GYHKIUAM JIAmyHOBa, MOJIy4YeHbI NOCTATOYHBIC
YCJIOBUSL HEOTPAHMYEHHOM MPOJOIHKAEMOCTH PEIIEHUI pa3HOCTHO-AMHAMUYECKOW CHUCTEMBbl. BBeneHbl NMOHATHS
ycroitunBoctd 1o Jlarpamxky u ycroidmBoctd 1o Ilyaccony. Mccnemyrorcsi cOOTHOLICHUSI MexAy (QyHKUUSIMH
JlsmynoBa u ycroitunBocThIO 1Mo Jlarpamxy (orpaHMYeHHOCTBIO pemieHHi). C MOMOIIBIO JUCKPETHOTO aHajora
BTOpOro merona JlsmyHoBa IOJy4eHBl HEOOXOAMMBIE M JIOCTAaTOYHBIE YCIIOBHS YCTOWYMBOCTH pPELICHUS II0
Jlarpanxy pa3HOCTHO-AMHAMHUYECKON cHCTeMbI. PaccMaTpuBaeTcsl pa3sHOCTHO-IMHAMUYECKas CUCTEMa AJsl KOTOPO
CTPOUTCSL AMCKPETHBIM Oneparop, ¢ MOMOUIbI0 KOTOPOHM HccCienyeTcs ycTouumBocTh mo Ilyaccony perieHuit
CUCTEMBIL.

KiroueBble cj0Ba: pa3HOCTHO-AMHAMUYECKAass CHCTEMa, HEOTPAaHWYEHHAs IPOJOIDKAEMOCTh, (YHKIIHU
JIsamyHoBa, ycroitunBocTs 1o Jlarpanxy, ycroiuusocts 1o Ilyaccony.
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