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INVERSE PROBLEM OF A STURM-LIOUVILLE OPERATOR
WITH NON-SEPARATED BOUNDARY VALUE CONDITIONS
AND SYMMETRIC POTENTIAL

Abstract. In this paper we prove a uniqueness theorem, in a single spectrum, for the Sturm-Liouville operator
with non-separated boundary value conditions and real continuous and symmetric potential. The research method is
different from all known methods, and based on internal symmetry of the operator generated by invariant subspaces.

Keywords: Sturm - Liouville operator, spectrum, Sturm - Liouville inverse problem, Borg theorem,
Ambartsumian theorem, Levinson theorem, non-separated boundary value conditions, symmetric potential, invariant
subspaces.

1. Introduction. By inverse problems of spectral analysis, we understand the tasks of restoring a
linear operator according to its one or other spectral characteristics.

The first significant result in this direction was obtained in 1929 by V.A. Ambartsumyan [1]. He
proved the following theorem.

We denote eigenvalues of the following Sturm - Liouville operator by 15 < 4; < A, < -+

=y"+qx)y =1y, (1.1)
y'(0) =0,y'(m) = 0; (1.2)

where q(x) is a real continuous function. If 4, = n? (n = 0,1,2, ...), then q(x) = 0.

The first mathematician who drew attention to importance of this Ambartsumian result was the
Swedish mathematician Borg. He also performed the first systematic research of one of the important
inverse problems, namely, the inverse problem for the classical Sturm — Liouville operator of the form
(1.1) by the spectra [2]. Borg showed that, in the general case, one spectrum of the Sturm-Liouville
operator does not define it, so Ambartsumian’s result is an exception to the general rule. In the same paper
[2], Borg shows that two spectra of the Sturm — Liouville operator (with different boundary conditions)
uniquely determine it. More precisely, Borg proved the following theorem.

Borg Theorem.

Let the equation

=y +qx)y = 2y, (L.
—z"+p(x)z = Az, (1.3)

have the same spectrum under the following boundary conditions

{ay(O) +By'(0) =0,

yy(m) + 8y' () = 0; (1-4)
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and under the following boundary value conditions

{ ay(0) + gy'(0) =0,
y'y(m) + 6"y’ (m) = 0.

Then q(x) = p(x) almost everywhere on the segment [0, 7], if
6-6"=0,]81+16"| > 0.

Shortly after the Borg’s work important studies on the theory of inverse problems were performed by
Levinson [3], in particular, he proved that if g(m — x) = gq(x), then the Sturm — Liouville operator

=y +q(x)y = 1y, (1.1)

¥'(0) — hy(0) = 0,
{y'(n) + hy(m) = 0 (15)

restored by one spectrum. Ambartsumian and Levinson theorems were developed in [4] - [6].

Inverse spectral analysis problems for Sturm — Liouville operators with non-separated boundary
conditions

A number of works B.M. Levitan [7] - [8] are devoted to reconstructing the Sturm-Liouville operator
from one and two spectra.

Note that inverse problems of spectral analysis for Sturm — Liouville operators with non-separated
boundary conditions were studied in [9] - [10] by other methods, with the results obtained being expressed
through conformal mappings, and difficult to verify.

From later works in this direction, we note [11] - [13].

This paper is devoted to the generalization of Ambartsumian [1] and Levinson [3] theorems to non-
decaying boundary conditions, in particular, our results contain results of these authors. Method of this
paper appeared i development of spectral methods for solving ill-posed problems of mathematical physics
[14] - [25].

2. Research Method.
Idea of this paper is very simple. Carefully studying the content of [1, 3], we realized that both of
these operators have an invariant subspace. If for the linear operator L the following formulas hold:

LP = PL*,QL = L*Q,

where P, Q are orthogonal projectors, satisfying the condition P + Q = I, then the operators L and L* have
invariant subspaces, sometimes restriction of these operators to these invariant subspaces, with certain
conditions, form a Borg pair.

3. Research Results.

In Hilbert space H = L2(0, ) we consider the Sturm — Liouville operator

Ly =—-y" + q(x)y,x € (0,7); (3.1)

{an}’(o) + a;,y'(0) + a3y(m) + a1y’ (m) =0,
az1y(0) + az;y'(0) + axzy(m) + az,y'(m) =0
where q(x) is a continuous complex function, a;; (i =1,2; j =1,2,3,4) are arbitrary complex
coefficients, and by A; j (i =1,2; j =1,2,3,4) we denote minors of the boundary matrix:

(3.2)

A:(a11 aip; A3 a14)
azq ayo azs QAz4)"

We suppose that A,,# 0, then the Sturm — Liouville operator (3.1) — (3.2) takes the following form
Ly =—=y" +q(x)y,x € (0,); (3.1)

{A14}’(0) + A24y'(0) + Az, y(m) =0,

A12y(0) + Azpy(m) — Agyy'(m) = 0 (3-3)

— 60 ——
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and its conjugate operator L* takes the form

Ltz=—-z"+q(x)z,x € (0,m); (3.1)"

{EZ(O) + EZ’(O) +EZ(T[) =0, 3.3y
A342(0) + Azpz(m) — Apuz’ () = 0.
Let P and Q be orthogonal projectors, defined by the formulas

Pu(x) _ u(x)+u(mr—x) Qv(x) _ v(x)-v(T—x) (3.4)

2 ’ 2

The main result of this paper is the following theorem.
Theorem 3.1. If A,,# 0, and

1) LP = PL*;
2) QL =L"Q;
3) A= —Aqy;

then the Sturm — Liouville operator (3.1) — (3.3) is restored by one spectrum.

4. Discussion.

In this section we prove the theorem and discuss the obtained results. The following Lemma 4.1 and
Lemma 4.2 can have independent values.

Lemma 4.1. If for a linear and discrete operator L we have:

1) LP = PL%;

2) QL=LQ;

3)) P+Q =1
where P, Q are orthogonal projectors, and [ is a unique operator, then all its eigenvalues are real.

Proof.

Let LP = PL*, QL = L*Q; then

(LP)* = P*L* = PL* = LP;
QL) =LQ"=LQ =QL;
i.e. operators LP and QL are self-adjoint, therefore their eigenvalues are real.

If Ly = Ay,y # 0, then QLy = AQy, L*Qy = AQy, L*Q(Qy) = AQy, QL(Qy) = AQy if Qy # 0,
then A is a real quantity; if Qy = 0, then y = Py # 0, and LPy = APy, LP(Py) = APy. Consequently, A is
again real quantity.

The following lemmas shows that the spectrum o (L) of the operator L is divided into two parts,
therefore the operator L, apparently, is also divided into two parts. Later we will see that this is exactly
what happens, and more precisely, these parts form a Borg pair under a certain condition.

Lemma 4.2. If L is a linear discrete operator satisfying the conditions:

1) LP = PL*;
2) QL=1"0Q;
3) P+Q=1;

where P, Q are orthogonal projectors, and [ is identity operator, then we get
o(L) = a(Ly) Ua(Ly).

where L; = LP,L, = QL,0(L) is a spectrum of the operator L.

Proof.

If Ly = Ay,y # 0, then QLy = AQy, L*Qy = 1Qy, L*Q(Qy) = AQy, L,Qy = AQy. If Qy # 0, hence
A€o(Ly). If Qy=0, then we get y=Py#0 and LPy = APy, LP(Py)= APy,L Py = APy.
Consequently, 1 € a(L,).

Thus, o(L) € (L) Ua(L,).

IfA+0,and A € 6(L;) Ua(L,), then

a) If A € 0(L,), then Ju # 0, such that u € Hy, Lyu = Au, LPu = Au,— Lu = Au. Consequently,
A€ a(l).

6) If A€ 0(L,), then v € H,, v # 0 such that L,v = Av, QLv = Av, LTQv = Av,L*v = Av.
Consequently, A € a(L*) = o(L).
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B) If 0 € 6(L;) Ua(L,), then If 0 € 6(L,), therefore Lyu =0,u € H;, LPu=0,=>Lu =0,=>
0€o(L). If 0€0a(L,), then L,y=0, vEH,, QLv=0,=> L*Quv=0,L"v=0,=>0€c(Lt) =
o(L).

The following Lemma 4.3 nad Lemma 4.4 clarify the boundary conditions of Sturm-Liouville
operators with invariant subspaces.

Lemma 4.3. If
a) A24;t O,
6) LP = PL*;

then we have

1) (A12+A32) _ D1ptAzy _ AatAzg
A4 Azq By’

2) q(m — x) = q(x);
3)q(x) = q(x);

and the operators L and L* take the following forms:
Ly = -y" +q()y,x € (0,m);

{AA—A (0) = y(m] = y'(0) ~y'(m) =0,
A1,y(0) + Azyy(m) — Ayyy'(m) = 0.

L*z=—-7"+q(x)z,x € (0,m);

{_AHA;A% [2(0) + z(m)] + 2’ (0) + () = 0,

8142(0) + Apaz' (0) + Aypz(m) = 0.

Proof.
Let a,, # 0, then the Sturm-Liouville operator has the form
Ly =—y" +q(x)y,x € (0,1); 4.1)
A14y(0) + Az4y"(0) + A4y () = 0,
/ 4.2)
A12y(0) + Az y(m) — Apsy'(m) = 0,
and its conjugate operator Lt takes the form
Ltz=-z"+qx)zx € (0,m); (4.1)"
{A_Mz(O) +8542'(0) + Aypz(m) = 0, @2y
A342(0) + A3pz(1) — Ayyz' () = 0. '
By P and Q we denote the following orthogonal projectors
Pu(x) = —u(x)+z(”_x) ,Qv(x) = —v(x)_z(n_x). (4.3)
If LP = PL*, theny = Pz € D(L), where z € D(L%), therefore
zx)+z(m—x) zZ'(x)—z'(r —x)
y(x) = Y (%) = ;
2 2
z(0) + z(m) z'(0) — z'(m) z(0) + z(m)
u——— thyy————+ Ay ———=0,
2 2 2
z(0) + z(m) z(0) + z(m) z'(m) — z'(0)
12— tAs — Ay, =0;
2 2 2
z(0) + z(m) z'(0) — z' ()
(Ags + A34) > + 424 > =0,
z(0) + z(m) z'(0) — z' ()
(A12 +435) > + A4 > =0;

— 62 ——
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From LP = PL* we get that A;, + A3z,= Ay, + As,, hence these boundary conditions melt into one
boundary condition:

Z(O)JZrZ(n) + Ay, z (0);2 () _

(A2 + A37) 0. (4.4)

Summing up these boundary conditions (4.2)", we have
(B4 + B34)2(0) + (By; + A35)2(m) + Dys[2'(0) — 2' ()] = 0,
(B +85) L2204 Byl (0) — 2/ (m)] = . (4.5)

Combining (4.4) with (4.5), we get the following system of equations:
z(0) + z(m) z'(0) —z'(m)

(A12 +437) > 24 > 0.
G + ) z(0) -12- z(m) ;Z'(O) ; z'(m) o,

This system of equations has a non-trivial solution, thus
Az +Azp Apy
Az + A3, Az

=0,

or
(Alz + Asz) _ Az + A3, _ Ay +Azy
Ay Ay, Ayy
Therefore, operator L* has the form:
Ltz=—-z"+q(x)z,x € (0,m);
A, + A
% [2(0) + z(m)] + 2'(0) + z' () = 0,
24
A142(0) + By42' (0) + Aypz(m) = 0;
where

<A12 + A32) _ A + A3, _ Ay + Ay
Az Ay Az

Now we find the operator L, subtracting the second row of the formula (4.2) from the first row, we
obtain

(A12 — A14)y(0) + (A3 — A34)y () — A4y’ (0) + y'(m)] = 0O,
(A12 = 81)y(0) + (Ayy — A12)y(m) — Bpuly’(0) + y'(m)] = 0,
(D12 = D1 [y(0) = y(M)] = B[y’ (0) + y'(m)] = 0.
Consequently, operator L has the form

A —A
— (O ~y@] = y'(0) ~y'(m) =0,
24

A1y(0) + Azoy(m) — Ay’ () = 0.
Further, from the formula LP = PL* we get
LPz = PL*z, vz € D(LY),
1Py o ot ;(ﬂ —x)_ 2’0+ ;"(n -0, o0
—— 3 ——

z(x) + z(r — x) _
> ;
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z"(x)+z"(mr—x)
2

q(x)z(x) + q(m — x)z(m — x) |
+ > ;

q(x)z(x) + q(x)z(r — x) = q(x)z(x) + g(m — x)z(w — x),
[q(x) — q(x)]z(x) + [q(x) — g(mr — x)]z(w — x) = 0, (4.6)
[q(m —x) — q(m — x)]z(mr — x) + [q(m — x) — G(x)]z(x) = 0;

q(x) —q(x) q) —q(m—x) | _
qir—x) —q(x) qr—x)—qm—x)

[q(x) —g()] - [q(m —x) — g —x)] = [q(x) — q(mr — )] - [q(w — x) — G(x)]
q(x)q(m —x) — q(x)q(r — x) — g(x)q(m — x) + g(x)q(m — x) =
=q(x)q(m —x) — q(x)q(x) — q(r — x)q(m — x) + q(m — x)q(x);
q()q(r —x) + q(x)q(m — x) = q(x)q(x) + g(r — x)q(r — x),
q)[gm —x) —q(x)] + q(m — 0)[g(x) —q(r — x)] = 0,
[q(x) — q(mr —x)] - [q(mr —x) — q(x)] =0,
lg(x) —q(mr —x)|> = 0,=> q(x) = q(m — x). (4.7)
From (4.6) and (4.7) it follows that
[q(x) — g()]z(x) + [q(x) — g(x)]z(m — x) =0,
[q(x) — g()][z(x) + z(m — x)] = 0,=> q(x) — g(x) = 0.

PL*z = P°[—z” + mz] =—

Lemma 4.4. If
a) Ay, # 0;
b) QL = L*Q,
then
Aja—A Aqa—A Agp—A
1 14 12 — 14 12 — 32 34,
) ( Ay ) Apy Doy’

2) q(m —x) = q(x);
3) q(x) = q(x),

and the operators L and L* take the forms:

Ly ==y" +q(x)y,x € (0,m);
{AA—A [y(0) = y(m)] = y'(0) = y'(m) = 0,
A1,y(0) + A3,y () — Ayyy' () = 0.

Ltz=—-z"+q(x)z,x € (0,m);

{(A“””) [2(0) + z(m)] + 2'(0) — 2’ () = 0,

A24
A142(0) + Ay,2' (0) + Ay,z(m) = 0.
Proof.
IfQL = L*Q and y € D(L), tthen z = Qy € D(L"), thus we get

_y0e) —y@m—x) ') +y'(m—x)

2(%) 2 2

z'(x) =

— (4 ——
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—y(0) —y(m A—Y'(O) +y'(m) A_y(n) —y(0) _

bl Tt 0
A—My(O) ; y(m) ;y(n) ; y(0) A—My’(n) er y'(©) _ 0;
(s — A12)y(O) ;y(ﬂ) N A—My’(o) ery’(n) _ 0,

(Gos —323) y(0) ; y(m) A, y'(0) ; y'm _

Due to the formula Ay, — A= Az, — A3, these boundary conditions melt into one boundary
condition

(Bra — B1y) y(O);y(ﬂ) + A—“y (0)-;3/ (™ _ 0. (4.8)

Subtracting the second row of the formula (4.2) from its first row, we have
(D14 — A12)y(0) + (A34 — A32)y () + A4y’ (0) + y'(m)] = 0,
(A14 — A1) [y(0) — y (@] + A2y’ (0) + y'(m)] = O,

(0);y(ﬂ)] [y ©@+y'(m)] _ 0. (4.9)

+ Aoy >

(D14 — A1) u
Combining (4.8) with (4.9), we get the system of equations

y(0) ;ﬂﬂ) +A—243"(0) -ZH"(ﬂ) _o

(A1q — A1)

0) — '(0) +y'
(A14—A12)y( ) Zy(n)+A24y( )ery ™ _,

This system has a non-trivial solution, therefore

0= (A14 - A12) _ Ay — Ay _ Ay — Azy
, Ay Az Az

Dia—Biy By
A14 - A12 A24-

Thus, operator L has the form
. Ly =-y" +q(x)y,x € (0,m);
{A— y(0) —ym@] +y'(0) +y'(m) =0,
A12y(0) + Az () — Ay’ () = 0;

where

(A14 - Alz) _ A4 — Ay _ Azz — A3y
Azy Azq Dyy
Combining boundary conditions (4.2)", we receive:
(D14 +839)2(0) + (Ay5 + B32)z(m) + Bgu[2'(0) — 2'(M)] = 0,
(B12 +B32)[2(0) + z(m)] + Bz4[2'(0) — 2" (m)] = 0,
A, + A,
——"12(0) + z(m)] +z'(0) — z'(m) = 0.
24

Consequently,
Ltz=—-z"+q(x)z,x € (0,m);
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(M) [2(0) + z(m)] +2'(0) — z'(m) = 0,
A24-

8142(0) + A2z (0) + Appz(m) = 0.
Further, from the formula QL = L*Q, we have

QLy = Q°[y" + q(x)y] = -~ ) _}2/ =0,

q(x)y(x) — q(m — x)y(r — x)
+ > ;

L+ [}’(X) - }zf(ﬂ - X)] _

L*Qy =

_ Yy - 32/”(71 -0, i) y() - 32/(71 - x);

gy (x) — q(m — x)y(m —x) = )y (x) — g()y(m — x),
[q(x) —q()]y(x) + [q(x) — q(m — x)]y(mr — x) = 0, (4.10)
[qimr —x) —q(m — x)]y(m —x) + [q(mr — x) — q(x)]y(x) = 0;

q(x) —q(x) qx) —q(m—x) | _
gir—x)—q(x) q(r—x)—q(r—x) ’

[q(x) —q()] - [g(m —x) —g(m — x)] -
—[g(x) —q(@ —0)][q(m —x) —q(x)] =0,
q()q(m —x) —q()q(m —x) — qx)g(m —x) + go)q(m — x) =
=q()q(m —x) — q(x)q(x) — q(mr — 1)g(m — x) + q(m — x)q(x),
q(0)q(m —x) + q(x)q(m — x) = g(x)q(x) + q(m — 0)g(w — x),
q@)[g(m —x) —q()] + q(m — x)[g(x) — q(m —x)] =0,
[qC0) — q(mr — )][q(mr —x) — q(x)] =
= —lq(x) — q(mr — )|> = 0,=> q(x) = q(m — x). (4.7)
From (4.7) and (4.10), we have
[qC0) = )]y (x) + [q(x) — q()]y(m —x) =0,
[qC0) — g)]ly(x) —y(mr —x)] = 0,=> q(x) — g(x) = 0.
Comparing the results of Lemma 4.3 and Lemma 4.4, we obtain the following theorem

Theorem 4.1. If

a) Ay 0;
6) LP = PL*;
B) QL = L*Q,

then restriction of the operator L to the subspace H; = PH has the form
" E
Liu=-u"+qx)ux€ (0, 2),

Aq12+A3;

R223(0) + w/(0) = 0, %) =o; @.11)
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and restriction of the operator L* to the subspace H, = QH has the form

L,v=—-v"+qx)v,x € (0, g),

A1y—Aqp ’ _ T\ _ Q.
=25(0) +v/(0) = 0, (2) = 0; (4.12)

where

1) (A12+A32) — Ajp+Azy _ AgatAzg

Azq Dpa  Dpy
D14—A12\ _ A1g—Dgp _ Azp—Azy
2) ( A24 )_ A24 B A24- ’
3) q(m —x) = q(x);
4) g(x) = q(x).

Equating the coefficients of the boundary conditions (4.11) and (4.12), we have

Ay +Az;= A1y —Agp,=> A= A14 — Ay — A3y=
= —(A1p + A3y — Agy) = —Azy.
Then operators L, and L, have the following forms
T
— -
Liu=—-u"+qxu,x€ (0, 2),
(D14 — A12)u(0) + Azuu’(0) = 0,0/ (g) =0;

L,v=—-v"+qx)v,x € (O, %)

(A14 - AlZ)V(O) + A24V’(0) =0,v (g) =0.
If spectrum of the operator L is known, then by Lemma 4.2 spectra of the operators L; and Lo,

considered on the segment [0, g], are known. Then, by the Borg theorem, the operator L is defined

uniquely on the interval [0, g], and due to the evenness and periodicity of the functions q(x), on the whole
interval [0, ir].

O0XK 517.9
A.LLL annan6aes', A.A. Illannan6aesa’ , B.A. llaxxan6aii’

'Xansixapansik Silkway yausepcureri, IlIsivkenT K., Kazakcran;
? AHMAKTHIK QJIeyMETTiK-HHHOBALMSIBIK yHIBepcHTeTi, [IIbIMKeHT K., Kasakcran;
*M.0.Aye30B aTbinars OHTyCTiK Kasakcran MeminekerTik yrusepcuteTi, IlIsivkenT K., Kasakcran

MOTEHIUAJBI CAMMETPUSIBI, AJI INEKAPAJIBIK IIIAPTTAPBI AYKbIPAMAWTBIH
HTYPM-JINYBNJIJI OIIEPATOPBIHBIH KEPI ECEBI TYPAJIBI

AHHOTauusA. byn eHOeKkTe MOTeHIMAlbl CHMMETPHSUIBIL,HAKTBI opi Y3iKCi3, aja MIeKapalblK IMapTTapbl
axpipamaitTeia L TypM-JInyBrul onepaTopbiH Oip CHEKTP apKbUIbl aHBIKTayFa 00JaThIHBI KOpPCeTUIAl. 3epTTey dici
OYPBIHFBI OMICTEPIiH eHIOipiHe YKCaMaiIbl, KOHE OJ1 OIEPATOPIBIH iIIKI CHMMETPUSACHIHA HETi3AeIreH, al O e3
Ke3eriHjie MHBapUaHTThl KEHICTIKTEPIH CaJllaphbl.

Tyiiin cesmep: Ilrypm-JInyBwminig oneparopsi, crektp, lltypm-JlnmyBwminin xepi ecebi, boprreig
TeopeMachl, AMOapIyMsHHBIH TeopeMachl, JIEBUHCOHHBIH TeOpeMachl, aXKbIPAMAKMTBIH IIEKapalbIK IIapTTap,
CUMMETPHSITBI TOTEHIINAT, HHBAPUAHTTHI KEHICTIKTEP.
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YK 517.9
A.l.l.l.ll.[annaﬂﬁaenl, A.A.l.l.laﬂuanﬁaenaz, B.A.lllanpaun6aii’

'Mesxynaponnslii yausepcuter Silkway, r. Ilsivkent, Kazaxcras;
PernoHaNbHbII COLMAbEHO-WHHOBAIIOHHBIN YHUBEPCHUTET, T. LlIpmvkenT, Ka3axcras;
KHO- a3ax0Tch1<1/1171 ocyaa CTBCHHblﬁ HUBCPCUTCT UM.IVI. €30Ba, I. BIMKCHT a3axCcTaH
*10xH0-K Tocy, y M.Ay ,r. 10 , K

OBPATHASA 3AJAYA OIIEPATOPA IITYPMA-JINYBUJLJISI C HEPA3JIEJIEHHBIMU KPAEBBIMH
YCJIOBUSMHA U CUMMETPUYHBIM IOTEHIIUAJIOM

AnHotanus. B maHHOW pabore JOKa3zaHa TeopeMma EIMHCTBCHHOCTH IO OJHOMY CIIEKTPY JJIS OmepaTopa
[typma-JInyBUILIS ¢ Hepa3IeIeHHBIMI KPAaeBBIMHU yYCIOBHSMH W BEIICCTBEHHBIM HEIIPEPHIBHBIM M CUMMETPUIHBIM
MOTEHIAIOM. MeTOo HCCIeNOBaHUS OTIMYAeTCS OT BCEX W3BECTHBHIX METOAOB M OCHOBaH Ha BHYTPEHHIOIO
CHMMETPHIO OTIEPaTopa, MOPOKICHHOTO HHBAPUAHTHBIMA TOAIPOCTPAHCTBAMH.

KiroueBnbie cioBa: omeparop Ultypma-JlmyBums, crektp, oOpatHast 3amada Lltypma-JlumyBmmisa, teopema
Bopra, Tteopema AmOaprymsiHa, Teopema JIeBHHCOHA, Hepas[eleHHbIE KpaeBble YCIOBHSA, CHMMETPHYHBIN
MOTEHIINAJl, UHBAPHUAHTHBIEC TOAIPOCTPAHCTBRA.
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