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INVERSE PROBLEM OF A STURM-LIOUVILLE OPERATOR 
WITH NON-SEPARATED BOUNDARY VALUE CONDITIONS  

AND SYMMETRIC POTENTIAL 
 
Abstract. In this paper we prove a uniqueness theorem, in a single spectrum, for the Sturm-Liouville operator 

with non-separated boundary value conditions and real continuous and symmetric potential. The research method is 
different from all known methods, and based on internal symmetry of the operator generated by invariant subspaces. 

Keywords: Sturm - Liouville operator, spectrum, Sturm - Liouville inverse problem, Borg theorem, 
Ambartsumian theorem, Levinson theorem, non-separated boundary value conditions, symmetric potential, invariant 
subspaces. 

 
1. Introduction. By inverse problems of spectral analysis, we understand the tasks of restoring a 

linear operator according to its one or other spectral characteristics. 
The first significant result in this direction was obtained in 1929 by V.A. Ambartsumyan [1]. He 

proved the following theorem. 
We denote eigenvalues of the following Sturm - Liouville operator by ߣ଴ ൏ ଵߣ ൏ ଶߣ ൏ ⋯ : 

 െݕᇱᇱ ൅ ݕሻݔሺݍ ൌ  (1.1)  ,ݕߣ

ᇱሺ0ሻݕ  ൌ 0, ሻߨᇱሺݕ ൌ 0;  (1.2) 

where ݍሺݔሻ is a real continuous function. If ߣ௡ ൌ ݊ଶ	ሺ݊ ൌ 0,1,2, … ሻ, then ݍሺݔሻ ≡ 0. 
The first mathematician who drew attention to importance of this Ambartsumian result was the 

Swedish mathematician Borg. He also performed the first systematic research of one of the important 
inverse problems, namely, the inverse problem for the classical Sturm – Liouville operator of the form 
(1.1) by the spectra [2]. Borg showed that, in the general case, one spectrum of the Sturm-Liouville 
operator does not define it, so Ambartsumian’s result is an exception to the general rule. In the same paper 
[2], Borg shows that two spectra of the Sturm – Liouville operator (with different boundary conditions) 
uniquely determine it. More precisely, Borg proved the following theorem.  

Borg Theorem.  
Let the equation 
 െݕᇱᇱ ൅ ݕሻݔሺݍ ൌ  (1.1)  ,ݕߣ
 െݖᇱᇱ ൅ ݖሻݔሺ݌ ൌ  (1.3)  ,ݖߣ

have the same spectrum under the following boundary conditions  

 ൜
ሺ0ሻݕߙ ൅ ᇱሺ0ሻݕߚ ൌ 0,
ሻߨሺݕߛ ൅ ሻߨᇱሺݕߜ ൌ 0;

  (1.4) 
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and under the following boundary value conditions  

 ൜
ሺ0ሻݕߙ ൅ ᇱሺ0ሻݕߚ ൌ 0,
ሻߨሺݕᇱߛ ൅ ሻߨᇱሺݕᇱߜ ൌ 0.

 

Then ݍሺݔሻ ൌ ,ሻ almost everywhere on the segment ሾ0ݔሺ݌  ሿ, ifߨ

ߜ ∙ ᇱߜ ൌ 0, |ߜ| ൅ |ᇱߜ| ൐ 0. 

Shortly after the Borg’s work important studies on the theory of inverse problems were performed by 
Levinson [3], in particular, he proved that if ݍሺߨ െ ሻݔ ൌ  ሻ, then the Sturm – Liouville operatorݔሺݍ

 െݕᇱᇱ ൅ ݕሻݔሺݍ ൌ  (1.1)  ,ݕߣ

 ൜
ᇱሺ0ሻݕ െ ሺ0ሻݕ݄ ൌ 0,
ሻߨᇱሺݕ ൅ ሻߨሺݕ݄ ൌ 0

  (1.5) 

restored by one spectrum. Ambartsumian and Levinson theorems were developed in [4] - [6]. 
Inverse spectral analysis problems for Sturm – Liouville operators with non-separated boundary 

conditions 
A number of works B.M. Levitan [7] - [8] are devoted to reconstructing the Sturm-Liouville operator 

from one and two spectra. 
Note that inverse problems of spectral analysis for Sturm – Liouville operators with non-separated 

boundary conditions were studied in [9] - [10] by other methods, with the results obtained being expressed 
through conformal mappings, and difficult to verify. 

From later works in this direction, we note [11] - [13]. 
This paper is devoted to the generalization of Ambartsumian [1] and Levinson [3] theorems to non-

decaying boundary conditions, in particular, our results contain results of these authors. Method of this 
paper appeared i development of spectral methods for solving ill-posed problems of mathematical physics 
[14] - [25]. 

 
2. Research Method. 
Idea of this paper is very simple. Carefully studying the content of [1, 3], we realized that both of 

these operators have an invariant subspace. If for the linear operator ܮ the following formulas hold: 

ܲܮ ൌ ,∗ܮܲ ܮܳ ൌ  ,ܳ∗ܮ

where ܲ, ܳ are orthogonal projectors, satisfying the condition ܲ ൅ ܳ ൌ  have ∗ܮ and ܮ then the operators ,ܫ
invariant subspaces, sometimes restriction of these operators to these invariant subspaces, with certain 
conditions, form a Borg pair. 

3. Research Results. 
In Hilbert space ܪ ൌ ,ଶሺ0ܮ   ሻ we consider the Sturm – Liouville operatorߨ

ݕܮ  ൌ െݕᇱᇱ ൅ ,ݕሻݔሺݍ ݔ ∈ ሺ0,  ሻ;  (3.1)ߨ

 ൜
ܽଵଵݕሺ0ሻ ൅ ܽଵଶݕᇱሺ0ሻ ൅ ܽଵଷݕሺߨሻ ൅ ܽଵସݕᇱሺߨሻ ൌ 0,
ܽଶଵݕሺ0ሻ ൅ ܽଶଶݕᇱሺ0ሻ ൅ ܽଶଷݕሺߨሻ ൅ ܽଶସݕᇱሺߨሻ ൌ 0

  (3.2) 

where ݍሺݔሻ is a continuous complex function, ܽ௜௝	ሺ݅ ൌ 1,2; 	݆ ൌ 1,2,3,4ሻ are arbitrary complex 
coefficients, and by ∆௜௝	ሺ݅ ൌ 1,2; 	݆ ൌ 1,2,3,4ሻ we denote minors of the boundary matrix:  

ܣ ൌ ቀ
ܽଵଵ ܽଵଶ ܽଵଷ ܽଵସ
ܽଶଵ ܽଶଶ ܽଶଷ ܽଶସቁ. 

 We suppose that ∆ଶସ് 0, then the Sturm – Liouville operator (3.1) – (3.2) takes the following form 

ݕܮ  ൌ െݕᇱᇱ ൅ ,ݕሻݔሺݍ ݔ ∈ ሺ0,  ሻ;  (3.1)ߨ

 ൜
∆ଵସݕሺ0ሻ ൅ ∆ଶସݕᇱሺ0ሻ ൅ ∆ଷସݕሺߨሻ ൌ 0,
∆ଵଶݕሺ0ሻ ൅ ∆ଷଶݕሺߨሻ െ ∆ଶସݕᇱሺߨሻ ൌ 0

 (3.3) 
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and its conjugate operator ܮା takes the form 

ݖାܮ  ൌ െݖᇱᇱ ൅ ,ݖሻݔሺݍ ݔ ∈ ሺ0,  +ሻ;  (3.1)ߨ

 ൜
∆ଵସതതതതതݖሺ0ሻ ൅ ∆ଶସതതതതതݖᇱሺ0ሻ ൅ ∆ଵଶതതതതതݖሺߨሻ ൌ 0,
∆ଷସതതതതതݖሺ0ሻ ൅ ∆ଷଶതതതതതݖሺߨሻ െ ∆ଶସതതതതതݖᇱሺߨሻ ൌ 0.

  (3.3)+ 

Let ܲ and ܳ be orthogonal projectors, defined by the formulas 

ሻݔሺݑܲ   ൌ ௨ሺ௫ሻା௨ሺగି௫ሻ

ଶ
, ሻݔሺݒܳ ൌ

௩ሺ௫ሻି௩ሺగି௫ሻ

ଶ
  (3.4) 

The main result of this paper is the following theorem. 
Theorem 3.1. If ∆ଶସ് 0, and 
ܲܮ (1 ൌ  ;ାܮܲ
ܮܳ (2 ൌ  ;ାܳܮ
3) ∆ଵଶൌ െ∆ଵଶ; 
then the Sturm – Liouville operator (3.1) – (3.3) is restored by one spectrum. 
4. Discussion. 
In this section we prove the theorem and discuss the obtained results. The following Lemma 4.1 and 

Lemma 4.2 can have independent values. 
Lemma 4.1. If for a linear and discrete operator ܮ we have: 
ܲܮ (1 ൌ  ;∗ܮܲ
ܮܳ (2 ൌ  ;ܳ∗ܮ
3) ܲ ൅ ܳ ൌ  ;ܫ

where ܲ, ܳ are orthogonal projectors, and ܫ is a unique operator, then all its eigenvalues are real. 
Proof.  
Let ܲܮ ൌ ܮܳ ,∗ܮܲ ൌ   then ;ܳ∗ܮ

ሺܲܮሻ∗ ൌ ∗ܮ∗ܲ ൌ ∗ܮܲ ൌ  ;ܲܮ
ሺܳܮሻ∗ ൌ ∗ܳ∗ܮ ൌ ܳ∗ܮ ൌ  ;ܮܳ

i.е. operators ܲܮ and ܳܮ are self-adjoint, therefore their eigenvalues are real. 
If ݕܮ ൌ ,ݕߣ ݕ ് 0, then ܳݕܮ ൌ ݕାܳܮ ,ݕܳߣ ൌ ሻݕାܳሺܳܮ ,ݕܳߣ ൌ ሻݕሺܳܮܳ ,ݕܳߣ ൌ ݕܳ if ݕܳߣ ് 0, 

then ߣ is a real quantity; if ܳݕ ൌ 0, then ݕ ൌ ݕܲ ് 0, and ݕܲܮ ൌ ,ݕܲߣ ሻݕሺܲܲܮ ൌ  is ߣ ,Consequently .ݕܲߣ
again real quantity.  

The following lemmas shows that the spectrum ߪሺܮሻ of the operator ܮ is divided into two parts, 
therefore the operator ܮ, apparently, is also divided into two parts. Later we will see that this is exactly 
what happens, and more precisely, these parts form a Borg pair under a certain condition. 

Lemma 4.2. If ܮ is a linear discrete operator satisfying the conditions:  
ܲܮ (1 ൌ  ;∗ܮܲ
ܮܳ (2 ൌ  ;ܳ∗ܮ
3) ܲ ൅ ܳ ൌ  ;ܫ

where ܲ, ܳ are orthogonal projectors, and ܫ is identity operator, then we get 

ሻܮሺߪ ൌ ଵሻܮሺߪ ∪  .ଶሻܮሺߪ

where ܮଵ ൌ ,ܲܮ ଶܮ ൌ ,ܮܳ  .ܮ ሻ is a spectrum of the operatorܮሺߪ
Proof.  
If ݕܮ ൌ ,ݕߣ ݕ ് 0, then ܳݕܮ ൌ ,ݕܳߣ ݕାܳܮ ൌ ሻݕାܳሺܳܮ ,ݕܳߣ ൌ ݕଶܳܮ ,ݕܳߣ ൌ ݕܳ If .ݕܳߣ ് 0, hence 

ߣ ∈ ݕܳ ଶሻ. Ifܮሺߪ ൌ 0, then we get ݕ ൌ ݕܲ ് 0 and ݕܲܮ ൌ ሻݕሺܲܲܮ ,ݕܲߣ ൌ ,ݕܲߣ ݕଵܲܮ ൌ  .ݕܲߣ
Consequently, ߣ ∈  .ଵሻܮሺߪ

Thus, ߪሺܮሻ ⊂ ଵሻܮሺߪ ∪  .ଶሻܮሺߪ
If ߣ ് 0, and ߣ ∈ ଵሻܮሺߪ ∪  ଶሻ, thenܮሺߪ
а) If ߣ ∈ ݑ∃ ଵሻ, thenܮሺߪ ് 0, such that ݑ ∈ ,ଵܪ ݑଵܮ ൌ ,ݑߣ ݑܲܮ ൌ →,ݑߣ ݑܮ ൌ  ,Consequently .ݑߣ

ߣ ∈  .ሻܮሺߪ
б) If ߣ ∈ ݒ∃ ଶሻ, thenܮሺߪ ∈ ݒ ,ଶܪ ് 0 such that ܮଶݒ ൌ ݒܮܳ ,ݒߣ ൌ ݒାܳܮ ,ݒߣ ൌ ,ݒߣ ݒାܮ ൌ  .ݒߣ

Consequently, ߣ ∈ ାሻܮሺߪ ൌ  .ሻܮሺߪ
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в) If 0 ∈ ଵሻܮሺߪ ∪ ଶሻ, then If 0ܮሺߪ ∈ ݑଵܮ ଵሻ, thereforeܮሺߪ ൌ 0, ݑ ∈ ݑܲܮ ,ଵܪ ൌ 0,ൌ൐ ݑܮ ൌ 0,ൌ൐
0 ∈ ሻ. If 0ܮሺߪ ∈ ݒଶܮ ଶሻ, thenܮሺߪ ൌ ݒ ,0 ∈ ݒܮܳ ,ଶܪ ൌ 0,ൌ൐ ݒାܳܮ	 ൌ 0, ݒାܮ ൌ 0,ൌ൐ 0 ∈ ାሻܮሺߪ ൌ
 .ሻܮሺߪ

The following Lemma 4.3 nad Lemma 4.4 clarify the boundary conditions of Sturm-Liouville 
operators with invariant subspaces. 

Lemma 4.3. If 
а) ∆ଶସ് 0; 
б) ܲܮ ൌ  ;ାܮܲ

then we have 

1) ቀ
∆భమା∆యమ
∆మర

ቁ
തതതതതതതതതതതത

ൌ
∆భమା∆యమ
∆మర

ൌ
∆భరା∆యర
∆మర

; 

ߨሺݍ (2 െ ሻݔ ൌ  ;ሻݔሺݍ
ሻതതതതതതݔሺݍ (3 ൌ  ;ሻݔሺݍ

and the operators ܮ and ܮା take the following forms: 
ݕܮ ൌ െݕᇱᇱ ൅ ,ݕሻݔሺݍ ݔ ∈ ሺ0,   ;ሻߨ
  

 ൝
∆భమି∆భర
∆మర

ሾݕሺ0ሻ െ ሻሿߨሺݕ െ ᇱሺ0ሻݕ െ ሻߨᇱሺݕ ൌ 0,

∆ଵଶݕሺ0ሻ ൅ ∆ଷଶݕሺߨሻ െ ∆ଶସݕᇱሺߨሻ ൌ 0.
  

 
ݖାܮ ൌ െݖᇱᇱ ൅ ,ݖሻݔሺݍ ݔ ∈ ሺ0,    ;ሻߨ

 ൝
∆భమା∆యమ
∆మర

ሾݖሺ0ሻ ൅ ሻሿߨሺݖ ൅ ᇱሺ0ሻݖ ൅ ሻߨᇱሺݖ ൌ 0,

∆ଵସതതതതതݖሺ0ሻ ൅ ∆ଶସതതതതതݖᇱሺ0ሻ ൅ ∆ଵଶതതതതതݖሺߨሻ ൌ 0.
  

Proof.  
Let ܽଶସ ് 0, then the Sturm-Liouville operator has the form 
ݕܮ  ൌ െݕᇱᇱ ൅ ,ݕሻݔሺݍ ݔ ∈ ሺ0,  ሻ;  (4.1)ߨ

 ൜
∆ଵସݕሺ0ሻ ൅ ∆ଶସݕᇱሺ0ሻ ൅ ∆ଷସݕሺߨሻ ൌ 0,
∆ଵଶݕሺ0ሻ ൅ ∆ଷଶݕሺߨሻ െ ∆ଶସݕᇱሺߨሻ ൌ 0,

  (4.2) 

and its conjugate operator ܮା takes the form 
ݖାܮ ൌ െݖᇱᇱ ൅ ,ݖሻതതതതതതݔሺݍ ݔ ∈ ሺ0,  +ሻ; (4.1)ߨ

  

 ൜
∆ଵସതതതതതݖሺ0ሻ ൅ ∆ଶସതതതതതݖᇱሺ0ሻ ൅ ∆ଵଶതതതതതݖሺߨሻ ൌ 0,
∆ଷସതതതതതݖሺ0ሻ ൅ ∆ଷଶതതതതതݖሺߨሻ െ ∆ଶସതതതതതݖᇱሺߨሻ ൌ 0.

  (4.2)+ 

By ܲ and ܳ we denote the following orthogonal projectors  

ሻݔሺݑܲ   ൌ ௨ሺ௫ሻା௨ሺగି௫ሻ

ଶ
, ሻݔሺݒܳ ൌ

௩ሺ௫ሻି௩ሺగି௫ሻ

ଶ
.  (4.3) 

If ܲܮ ൌ ݕ ା, thenܮܲ ൌ ݖܲ ∈ ݖ ሻ, whereܮሺܦ ∈  ାሻ, thereforeܮሺܦ

ሻݔሺݕ ൌ
ሻݔሺݖ ൅ ߨሺݖ െ ሻݔ

2
, ሻݔᇱሺݕ ൌ

ሻݔᇱሺݖ െ ߨᇱሺݖ െ ሻݔ

2
; 

൞
∆ଵସ

ሺ0ሻݖ ൅ ሻߨሺݖ

2
൅ ∆ଶସ

ᇱሺ0ሻݖ െ ሻߨᇱሺݖ

2
൅ ∆ଷସ

ሺ0ሻݖ ൅ ሻߨሺݖ

2
ൌ 0,

∆ଵଶ
ሺ0ሻݖ ൅ ሻߨሺݖ

2
൅ ∆ଷଶ

ሺ0ሻݖ ൅ ሻߨሺݖ

2
െ ∆ଶସ

ሻߨᇱሺݖ െ ᇱሺ0ሻݖ

2
ൌ 0;

 

൞
ሺ∆ଵସ ൅ ∆ଷସሻ

ሺ0ሻݖ ൅ ሻߨሺݖ

2
൅ ∆ଶସ

ᇱሺ0ሻݖ െ ሻߨᇱሺݖ

2
ൌ 0,

ሺ∆ଵଶ ൅ ∆ଷଶሻ
ሺ0ሻݖ ൅ ሻߨሺݖ

2
൅ ∆ଶସ

ᇱሺ0ሻݖ െ ሻߨᇱሺݖ

2
ൌ 0;
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From ܲܮ ൌ ା we get that ∆ଵଶܮܲ ൅ ∆ଷଶൌ ∆ଵସ ൅ ∆ଷସ, hence these boundary conditions melt into one 
boundary condition: 

  

 ሺ∆ଵଶ ൅ ∆ଷଶሻ
௭ሺ଴ሻା௭ሺగሻ

ଶ
൅ ∆ଶସ

௭ᇲሺ଴ሻା௭ᇲሺగሻ

ଶ
ൌ 0.  (4.4) 

Summing up these boundary conditions (4.2)+, we have 

ሺ∆ଵସതതതതത ൅ ∆ଷସതതതതതሻݖሺ0ሻ ൅ ሺ∆ଵଶതതതതത ൅ ∆ଷଶതതതതതሻݖሺߨሻ ൅ ∆ଶସതതതതതሾݖᇱሺ0ሻ െ ሻሿߨᇱሺݖ ൌ 0, 

 ሺ∆ଵଶതതതതത ൅ ∆ଷଶതതതതതሻ ௭ሺ଴ሻା௭ሺగሻ
ଶ

൅ ∆ଶସതതതതതሾݖᇱሺ0ሻ െ ሻሿߨᇱሺݖ ൌ 0.  (4.5) 

Combining (4.4) with (4.5), we get the following system of equations: 

൞
ሺ∆ଵଶ ൅ ∆ଷଶሻ

ሺ0ሻݖ ൅ ሻߨሺݖ

2
൅ ∆ଶସ

ᇱሺ0ሻݖ െ ሻߨᇱሺݖ

2
ൌ 0.

ሺ∆ଵଶതതതതത ൅ ∆ଷଶതതതതതሻ
ሺ0ሻݖ ൅ ሻߨሺݖ

2
൅ ∆ଶସതതതതത ݖ

ᇱሺ0ሻ െ ሻߨᇱሺݖ

2
ൌ 0.

 

This system of equations has a non-trivial solution, thus  

ฬ
∆ଵଶ ൅ ∆ଷଶ ∆ଶସ
∆ଵଶതതതതത ൅ ∆ଷଶതതതതത ∆ଶସ

ฬ ൌ 0, 

or 

൬
∆ଵଶ ൅ ∆ଷଶ

∆ଶସ
൰

തതതതതതതതതതതതതതതത
ൌ
∆ଵଶ ൅ ∆ଷଶ

∆ଶସ
ൌ
∆ଵସ ൅ ∆ଷସ

∆ଶସ
. 

Therefore, operator ܮା has the form: 

ݖାܮ ൌ െݖᇱᇱ ൅ ,ݖሻݔሺݍ ݔ ∈ ሺ0,  ;ሻߨ

ቐ
∆ଵଶ ൅ ∆ଷଶ

∆ଶସ
ሾݖሺ0ሻ ൅ ሻሿߨሺݖ ൅ ᇱሺ0ሻݖ ൅ ሻߨᇱሺݖ ൌ 0,

∆ଵସതതതതതݖሺ0ሻ ൅ ∆ଶସതതതതതݖᇱሺ0ሻ ൅ ∆ଵଶതതതതതݖሺߨሻ ൌ 0;
 

where  

൬
∆ଵଶ ൅ ∆ଷଶ

∆ଶସ
൰

തതതതതതതതതതതതതതതത
ൌ
∆ଵଶ ൅ ∆ଷଶ

∆ଶସ
ൌ
∆ଵସ ൅ ∆ଷସ

∆ଶସ
. 

Now we find the operator ܮ, subtracting the second row of the formula (4.2) from the first row, we 
obtain 

ሺ∆ଵଶ െ ∆ଵସሻݕሺ0ሻ ൅ ሺ∆ଷଶ െ ∆ଷସሻݕሺߨሻ െ ∆ଶସሾݕᇱሺ0ሻ ൅ ሻሿߨᇱሺݕ ൌ 0, 

ሺ∆ଵଶ െ ∆ଵସሻݕሺ0ሻ ൅ ሺ∆ଵସ െ ∆ଵଶሻݕሺߨሻ െ ∆ଶସሾݕᇱሺ0ሻ ൅ ሻሿߨᇱሺݕ ൌ 0, 

ሺ∆ଵଶ െ ∆ଵସሻሾݕሺ0ሻ െ ሻሿߨሺݕ െ ∆ଶସሾݕᇱሺ0ሻ ൅ ሻሿߨᇱሺݕ ൌ 0. 

Consequently, operator ܮ has the form 

ቐ
∆ଵଶ െ ∆ଵସ

∆ଶସ
ሾݕሺ0ሻ െ ሻሿߨሺݕ െ ᇱሺ0ሻݕ െ ሻߨᇱሺݕ ൌ 0,

∆ଵଶݕሺ0ሻ ൅ ∆ଷଶݕሺߨሻ െ ∆ଶସݕᇱሺߨሻ ൌ 0.
 

Further, from the formula ܲܮ ൌ  ା we getܮܲ

ݖܲܮ ൌ ,ݖାܮܲ ݖ∀ ∈  ,ାሻܮሺܦ

ݖܲܮ ൌ °ܮ
ሻݔሺݖ ൅ ߨሺݖ െ ሻݔ

2
ൌ െ

ሻݔᇱᇱሺݖ ൅ ߨᇱᇱሺݖ െ ሻݔ

2
൅ ሻݔሺݍ

ሻݔሺݖ ൅ ߨሺݖ െ ሻݔ

2
; 
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ݖାܮܲ ൌ ܲ°ൣെݖᇱᇱ ൅ ൧ݖሻതതതതതതݔሺݍ ൌ െ
ሻݔᇱᇱሺݖ ൅ ߨᇱᇱሺݖ െ ሻݔ

2
൅ 

൅
ሻݔሺݖሻݔതሺݍ ൅ ߨതሺݍ െ ߨሺݖሻݔ െ ሻݔ

2
; 

ሻݔሺݖሻݔሺݍ ൅ ߨሺݖሻݔሺݍ െ ሻݔ ൌ ሻݔሺݖሻݔതሺݍ ൅ ߨതሺݍ െ ߨሺݖሻݔ െ  ,ሻݔ

 ሾݍሺݔሻ െ ሻݔሺݖሻሿݔതሺݍ ൅ ሾݍሺݔሻ െ ߨതሺݍ െ ߨሺݖሻሿݔ െ ሻݔ ൌ 0, (4.6) 

ሾݍሺߨ െ ሻݔ െ ߨതሺݍ െ ߨሺݖሻሿݔ െ ሻݔ ൅ ሾݍሺߨ െ ሻݔ െ ሻݔሺݖሻሿݔതሺݍ ൌ 0; 

ฬ
ሻݔሺݍ െ ሻݔതሺݍ ሻݔሺݍ െ ߨതሺݍ െ ሻݔ

ߨሺݍ െ ሻݔ െ ሻݔതሺݍ ߨሺݍ െ ሻݔ െ ߨതሺݍ െ ሻݔ
ฬ ൌ 0; 

ሾݍሺݔሻ െ ሻሿݔതሺݍ ∙ ሾݍሺߨ െ ሻݔ െ ߨതሺݍ െ ሻሿݔ ൌ ሾݍሺݔሻ െ ߨതሺݍ െ ሻሿݔ ∙ ሾݍሺߨ െ ሻݔ െ  ሻሿݔതሺݍ

ߨሺݍሻݔሺݍ െ ሻݔ െ ߨതሺݍሻݔሺݍ െ ሻݔ െ ߨሺݍሻݔതሺݍ െ ሻݔ ൅ ߨതሺݍሻݔതሺݍ െ ሻݔ ൌ 

ൌ ߨሺݍሻݔሺݍ െ ሻݔ െ ሻݔതሺݍሻݔሺݍ െ ߨതሺݍ െ ߨሺݍሻݔ െ ሻݔ ൅ ߨതሺݍ െ  ;ሻݔതሺݍሻݔ

ߨതሺݍሻݔሺݍ െ ሻݔ ൅ ߨሺݍሻݔതሺݍ െ ሻݔ ൌ ሻݔതሺݍሻݔሺݍ ൅ ߨതሺݍ െ ߨሺݍሻݔ െ  ,ሻݔ

ߨതሺݍሻሾݔሺݍ െ ሻݔ െ ሻሿݔതሺݍ ൅ ߨሺݍ െ ሻݔതሺݍሻሾݔ െ ߨതሺݍ െ ሻሿݔ ൌ 0, 

ሾݍതሺݔሻ െ ߨതሺݍ െ ሻሿݔ ∙ ሾݍሺߨ െ ሻݔ െ ሻሿݔሺݍ ൌ 0, 

ሻݔሺݍ|   െ ߨሺݍ െ ሻ|ଶݔ ൌ 0,ൌ൐ ሻݔሺݍ	 ൌ ߨሺݍ െ  ሻ.  (4.7)ݔ

From (4.6) and (4.7) it follows that 

ሾݍሺݔሻ െ ሻݔሺݖሻሿݔതሺݍ ൅ ሾݍሺݔሻ െ ߨሺݖሻሿݔതሺݍ െ ሻݔ ൌ 0, 

ሾݍሺݔሻ െ ሻݔሺݖሻሿሾݔതሺݍ ൅ ߨሺݖ െ ሻሿݔ ൌ 0, ൌ൐ ሻݔሺݍ െ ሻݔതሺݍ ൌ 0. 

Lemma 4.4. If  
а) ∆ଶସ് 0; 
b) ܳܮ ൌ  ,ାܳܮ

then 

1) ቀ
∆భరି∆భమ
∆మర

ቁ
തതതതതതതതതതതത

ൌ
∆భరି∆భమ
∆మర

ൌ
∆యమି∆యర
∆మర

; 

ߨሺݍ (2 െ ሻݔ ൌ  ;ሻݔሺݍ
ሻݔതሺݍ (3 ൌ  ,ሻݔሺݍ

and the operators ܮ and ܮା take the forms: 

ݕܮ  ൌ െݕᇱᇱ ൅ ,ݕሻݔሺݍ ݔ ∈ ሺ0,   ;ሻߨ

 ൝
∆భమି∆భర
∆మర

ሾݕሺ0ሻ െ ሻሿߨሺݕ െ ᇱሺ0ሻݕ െ ሻߨᇱሺݕ ൌ 0,

∆ଵଶݕሺ0ሻ ൅ ∆ଷଶݕሺߨሻ െ ∆ଶସݕᇱሺߨሻ ൌ 0.
 

 

ݖାܮ    ൌ െݖᇱᇱ ൅ ,ݖሻݔሺݍ ݔ ∈ ሺ0,   ;ሻߨ

 ൝
ቀ∆భమା∆యమ

∆మర
ቁ

തതതതതതതതതതതത ሾݖሺ0ሻ ൅ ሻሿߨሺݖ ൅ ᇱሺ0ሻݖ െ ሻߨᇱሺݖ ൌ 0,

∆ଵସതതതതതݖሺ0ሻ ൅ ∆ଶସതതതതതݖᇱሺ0ሻ ൅ ∆ଵଶതതതതതݖሺߨሻ ൌ 0.
  

Proof.  

 If ܳܮ ൌ ݕ ାܳ andܮ ∈ ݖ ሻ, тthenܮሺܦ ൌ ݕܳ ∈   ାሻ, thus we getܮሺܦ

ሻݔሺݖ ൌ
ሻݔሺݕ െ ߨሺݕ െ ሻݔ

2
, ሻݔᇱሺݖ ൌ

ሻݔᇱሺݕ ൅ ߨᇱሺݕ െ ሻݔ

2
; 
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൞
∆ଵସതതതതത ݕ

ሺ0ሻ െ ሻߨሺݕ

2
൅ ∆ଶସതതതതത ݕ

ᇱሺ0ሻ ൅ ሻߨᇱሺݕ

2
൅ ∆ଵଶതതതതത ݕ

ሺߨሻ െ ሺ0ሻݕ

2
ൌ 0,

∆ଷସതതതതത ݕ
ሺ0ሻ െ ሻߨሺݕ

2
൅ ∆ଷଶതതതതത ݕ

ሺߨሻ െ ሺ0ሻݕ

2
െ ∆ଶସതതതതത ݕ

ᇱሺߨሻ ൅ ᇱሺ0ሻݕ

2
ൌ 0;

 

൞
ሺ∆ଵସ െ ∆ଵଶሻ

ሺ0ሻݕ െ ሻߨሺݕ

2
൅ ∆ଶସതതതതത ݕ

ᇱሺ0ሻ ൅ ሻߨᇱሺݕ

2
ൌ 0,

ሺ∆ଷସതതതതത െ ∆ଷଶതതതതതሻ
ሺ0ሻݕ െ ሻߨሺݕ

2
െ ∆ଶସ

ᇱሺ0ሻݕ ൅ ሻߨᇱሺݕ

2
ൌ 0.

 

Due to the formula ∆ଵସ െ ∆ଵଶൌ ∆ଷଶ െ ∆ଷସ these boundary conditions melt into one boundary 
condition 

 ሺ∆ଵସതതതതത െ ∆ଵଶതതതതതሻ ௬ሺ଴ሻି௬ሺగሻ
ଶ

൅ ∆ଶସതതതതത ௬
ᇲሺ଴ሻା௬ᇲሺగሻ

ଶ
ൌ 0. (4.8) 

Subtracting the second row of the formula (4.2) from its first row, we have 

ሺ∆ଵସ െ ∆ଵଶሻݕሺ0ሻ ൅ ሺ∆ଷସ െ ∆ଷଶሻݕሺߨሻ ൅ ∆ଶସሾݕᇱሺ0ሻ ൅ ሻሿߨᇱሺݕ ൌ 0, 

ሺ∆ଵସ െ ∆ଵଶሻሾݕሺ0ሻ െ ሻሿߨሺݕ ൅ ∆ଶସሾݕᇱሺ0ሻ ൅ ሻሿߨᇱሺݕ ൌ 0, 

 ሺ∆ଵସ െ ∆ଵଶሻ
ሾ௬ሺ଴ሻି௬ሺగሻሿ

ଶ
൅ ∆ଶସ

ൣ௬ᇲሺ଴ሻା௬ᇲሺగሻ൧

ଶ
ൌ 0. (4.9) 

Combining (4.8) with (4.9), we get the system of equations 

൞
ሺ∆ଵସതതതതത െ ∆ଵଶതതതതതሻ

ሺ0ሻݕ െ ሻߨሺݕ

2
൅ ∆ଶସതതതതത ݕ

ᇱሺ0ሻ ൅ ሻߨᇱሺݕ

2
ൌ 0,

	ሺ∆ଵସ െ ∆ଵଶሻ
ሺ0ሻݕ െ ሻߨሺݕ

2
൅ ∆ଶସ

ᇱሺ0ሻݕ ൅ ሻߨᇱሺݕ

2
ൌ 0.

 

This system has a non-trivial solution, therefore 

ฬ∆ଵସ
തതതതത െ ∆ଵଶതതതതത ∆ଶସതതതതത
∆ଵସ െ ∆ଵଶ ∆ଶସ

ฬ ൌ 0,ൌ൐ 	൬
∆ଵସ െ ∆ଵଶ

∆ଶସ
൰

തതതതതതതതതതതതതതത
ൌ
∆ଵସ െ ∆ଵଶ

∆ଶସ
ൌ
∆ଷଶ െ ∆ଷସ

∆ଶସ
. 

Thus, operator ܮ has the form 

ݕܮ  ൌ െݕᇱᇱ ൅ ,ݕሻݔሺݍ ݔ ∈ ሺ0,   ;ሻߨ

 ൝
∆భరି∆భమ
∆మర

ሾݕሺ0ሻ െ ሻሿߨሺݕ ൅ ᇱሺ0ሻݕ ൅ ሻߨᇱሺݕ ൌ 0,

∆ଵଶݕሺ0ሻ ൅ ∆ଷଶݕሺߨሻ െ ∆ଶସݕᇱሺߨሻ ൌ 0;
 

where 

൬
∆ଵସ െ ∆ଵଶ

∆ଶସ
൰

തതതതതതതതതതതതതതത
ൌ
∆ଵସ െ ∆ଵଶ

∆ଶସ
ൌ
∆ଷଶ െ ∆ଷସ

∆ଶସ
. 

Combining boundary conditions (4.2)+, we receive: 

ሺ∆ଵସതതതതത ൅ ∆ଷସതതതതതሻݖሺ0ሻ ൅ ሺ∆ଵଶതതതതത ൅ ∆ଷଶതതതതതሻݖሺߨሻ ൅ ∆ଶସതതതതതሾݖᇱሺ0ሻ െ ሻሿߨᇱሺݖ ൌ 0, 

ሺ∆ଵଶതതതതത ൅ ∆ଷଶതതതതതሻሾݖሺ0ሻ ൅ ሻሿߨሺݖ ൅ ∆ଶସതതതതതሾݖᇱሺ0ሻ െ ሻሿߨᇱሺݖ ൌ 0, 

∆ଵଶതതതതത ൅ ∆ଷଶതതതതത

∆ଶସതതതതത ሾݖሺ0ሻ ൅ ሻሿߨሺݖ ൅ ᇱሺ0ሻݖ െ ሻߨᇱሺݖ ൌ 0. 

Consequently, 

ݖାܮ   ൌ െݖᇱᇱ ൅ ,ݖሻݔሺݍ ݔ ∈ ሺ0,   ;ሻߨ
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൬
∆ଵଶ ൅ ∆ଷଶ

∆ଶସ
൰

തതതതതതതതതതതതതതതത
ሾݖሺ0ሻ ൅ ሻሿߨሺݖ ൅ ᇱሺ0ሻݖ െ ሻߨᇱሺݖ ൌ 0, 

∆ଵସതതതതതݖሺ0ሻ ൅ ∆ଶସതതതതതݖᇱሺ0ሻ ൅ ∆ଵଶതതതതതݖሺߨሻ ൌ 0. 

Further, from the formula ܳܮ ൌ  ାܳ, we haveܮ

ݕܮܳ ൌ ܳ°ሾെݕᇱᇱ ൅ ሿݕሻݔሺݍ ൌ െ
ሻݔᇱᇱሺݕ െ ߨᇱᇱሺݕ െ ሻݔ

2
൅ 

൅
ሻݔሺݕሻݔሺݍ െ ߨሺݍ െ ߨሺݕሻݔ െ ሻݔ

2
; 

ݕାܳܮ ൌ ାܮ ቈ
ሻݔሺݕ െ ߨሺݕ െ ሻݔ

2
቉ ൌ 

ൌ െ
ሻݔᇱᇱሺݕ െ ߨᇱᇱሺݕ െ ሻݔ

2
൅ ሻݔതሺݍ

ሻݔሺݕ െ ߨሺݕ െ ሻݔ

2
; 

ሻݔሺݕሻݔሺݍ െ ߨሺݍ െ ߨሺݕሻݔ െ ሻݔ ൌ ሻݔሺݕሻݔതሺݍ െ ߨሺݕሻݔതሺݍ െ  ,ሻݔ

 ሾݍሺݔሻ െ ሻݔሺݕሻሿݔതሺݍ ൅ ሾݍതሺݔሻ െ ߨሺݍ െ ߨሺݕሻሿݔ െ ሻݔ ൌ 0, (4.10) 

ሾݍሺߨ െ ሻݔ െ ߨതሺݍ െ ߨሺݕሻሿݔ െ ሻݔ ൅ ሾݍതሺߨ െ ሻݔ െ ሻݔሺݕሻሿݔሺݍ ൌ 0; 

ฬ
ሻݔሺݍ െ ሻݔതሺݍ ሻݔതሺݍ െ ߨሺݍ െ ሻݔ

ߨതሺݍ െ ሻݔ െ ሻݔሺݍ ߨሺݍ െ ሻݔ െ ߨതሺݍ െ ሻݔ
ฬ ൌ 0, 

ሾݍሺݔሻ െ ሻሿݔതሺݍ ∙ ሾݍሺߨ െ ሻݔ െ ߨതሺݍ െ ሻሿݔ െ 

െሾݍതሺݔሻ െ ߨሺݍ െ ߨതሺݍሻሿሾݔ െ ሻݔ െ ሻሿݔሺݍ ൌ 0, 

ߨሺݍሻݔሺݍ െ ሻݔ െ ߨതሺݍሻݔሺݍ െ ሻݔ െ ߨሺݍሻݔതሺݍ െ ሻݔ ൅ ߨതሺݍሻݔതሺݍ െ ሻݔ ൌ 

ൌ ߨതሺݍሻݔതሺݍ െ ሻݔ െ ሻݔሺݍሻݔതሺݍ െ ߨሺݍ െ ߨതሺݍሻݔ െ ሻݔ ൅ ߨሺݍ െ  ,ሻݔሺݍሻݔ

ߨതሺݍሻݔሺݍ െ ሻݔ ൅ ߨሺݍሻݔതሺݍ െ ሻݔ ൌ ሻݔሺݍሻݔതሺݍ ൅ ߨሺݍ െ ߨതሺݍሻݔ െ  ,ሻݔ

ߨതሺݍሻሾݔሺݍ െ ሻݔ െ ሻሿݔതሺݍ ൅ ߨሺݍ െ ሻݔതሺݍሻሾݔ െ ߨതሺݍ െ ሻሿݔ ൌ 0, 

ሾݍതሺݔሻ െ ߨതሺݍ െ ߨሺݍሻሿሾݔ െ ሻݔ െ ሻሿݔሺݍ ൌ 

  ൌ െ|ݍሺݔሻ െ ߨሺݍ െ ሻ|ଶݔ ൌ 0,ൌ൐ ሻݔሺݍ	 ൌ ߨሺݍ െ  ሻ.  (4.7)ݔ

From (4.7) and (4.10), we have 

ሾݍሺݔሻ െ ሻݔሺݕሻሿݔതሺݍ ൅ ሾݍതሺݔሻ െ ߨሺݕሻሿݔሺݍ െ ሻݔ ൌ 0, 

ሾݍሺݔሻ െ ሻݔሺݕሻሿሾݔതሺݍ െ ߨሺݕ െ ሻሿݔ ൌ 0,ൌ൐ ሻݔሺݍ	 െ ሻݔതሺݍ ൌ 0. 

Comparing the results of Lemma 4.3 and Lemma 4.4, we obtain the following theorem 

Theorem 4.1. If  

а) ∆ଶସ് 0; 

б) ܲܮ ൌ  ;ାܮܲ

в) ܳܮ ൌ  ,ାܳܮ

then restriction of the operator ܮ to the subspace ܪଵ ൌ  has the form ܪܲ

ݑଵܮ ൌ െݑᇱᇱ ൅ ,ݑሻݔሺݍ ݔ ∈ ቀ0,
ߨ
2
ቁ, 

  ∆భమା∆యమ
∆మర

ሺ0ሻݑ ൅ ᇱሺ0ሻݑ ൌ 0, ᇱݑ ቀ
గ

ଶ
ቁ ൌ 0;  (4.11) 
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and restriction of the operator ܮା to the subspace ܪଶ ൌ  has the form ܪܳ

ݒଶܮ ൌ െݒᇱᇱ ൅ ,ݒሻݔሺݍ ݔ ∈ ቀ0,
ߨ
2
ቁ, 

  ∆భరି∆భమ
∆మర

ሺ0ሻݒ ൅ ᇱሺ0ሻݒ ൌ 0, ݒ ቀ
గ

ଶ
ቁ ൌ 0;  (4.12) 

where  

1) ቀ
∆భమା∆యమ
∆మర

ቁ
തതതതതതതതതതതത

ൌ
∆భమା∆యమ
∆మర

ൌ
∆భరା∆యర
∆మర

; 

2) ቀ
∆భరି∆భమ
∆మర

ቁ
തതതതതതതതതതതത

ൌ
∆భరି∆భమ
∆మర

ൌ
∆యమି∆యర
∆మర

; 

ߨሺݍ (3 െ ሻݔ ൌ  ;ሻݔሺݍ
ሻݔതሺݍ (4 ൌ  .ሻݔሺݍ

Equating the coefficients of the boundary conditions (4.11) and (4.12), we have 

∆ଵଶ ൅ ∆ଷଶൌ ∆ଵସ െ ∆ଵଶ,ൌ൐ 	∆ଵଶൌ ∆ଵସ െ ∆ଵଶ െ ∆ଷଶൌ 

ൌ െሺ∆ଵଶ ൅ ∆ଷଶ െ ∆ଵସሻ ൌ െ∆ଷସ. 

Then operators ܮଵ and ܮଶ have the following forms 

ݑଵܮ ൌ െݑᇱᇱ ൅ ,ݑሻݔሺݍ ݔ ∈ ቀ0,
ߨ
2
ቁ, 

  ሺ∆ଵସ െ ∆ଵଶሻݑሺ0ሻ ൅ ∆ଶସݑᇱሺ0ሻ ൌ 0, ᇱݑ ቀ
గ

ଶ
ቁ ൌ 0;  

ݒଶܮ ൌ െݒᇱᇱ ൅ ,ݒሻݔሺݍ ݔ ∈ ቀ0,
ߨ
2
ቁ, 

  ሺ∆ଵସ െ ∆ଵଶሻݒሺ0ሻ ൅ ∆ଶସݒᇱሺ0ሻ ൌ 0, ݒ ቀ
గ

ଶ
ቁ ൌ 0.  

If spectrum of the operator ܮ is known, then by Lemma 4.2 spectra of the operators ܮଵ and ܮଶ, 

considered on the segment ቂ0,
గ

ଶ
ቃ, are known. Then, by the Borg theorem, the operator ܮ is defined 

uniquely on the interval ቂ0,
గ

ଶ
ቃ, and due to the evenness and periodicity of the functions ݍሺݔሻ, on the whole 

interval ሾ0,  .ሿߨ
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ШТУРМ-ЛИУВИЛЛ ОПЕРАТОРЫНЫҢ КЕРІ ЕСЕБІ ТУРАЛЫ 

 
Аннотация. Бұл еңбекте потенциалы симметриялы,нақты əрі үзіксіз, ал шекаралық шарттары 

ажырамайтын Штурм-Лиувилл операторын бір спектр арқылы анықтауға болатыны көрсетілді. Зерттеу əдісі 
бұрынғы əдістердің ешбіріне ұқсамайды, жəне ол оператордың ішкі симметриясына негізделген, ал ол өз 
кезегінде инвариантты кеңістіктердің салдары. 
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симметриялы потенциал,инвариантты кеңістіктер. 
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Аннотация. В данной работе доказана теорема единственности по одному спектру для оператора 
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