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ON SPECTRAL PROPERTIES OF A BOUNDARY VALUE PROBLEM 
OF THE FIRST ORDER EQUATION WITH DEVIATING ARGUMENT 

 
Abstract. In this paper, we study spectral properties of a boundary value problem of a first order differential 

equation with constant coefficients and deviating argument; the deviation is present at the highest term of the 
equation, and it cannot be transferred to the lower terms of the equation without an additional condition. By spectral 
properties, we mean completeness and basic properties of a system of eigenfunctions and associated functions of a 
boundary value problem, as well as Volterra properties. 

Keywords: equation with deviating argument, completeness, basic property, Volterra property, Gaal’s formula, 
Lidsky’s theorem, Sturm – Liouville operator, Riesz basis. 

 
1. Introduction. The first works on the theory of differential equations with involution are found in 

the scientific literature of the nineteenth century. This is the extensive work of Babbage [1] from 1816. 
The work consists of several parts. Algebraic and transcendental equations with involution, integral and 
differential equations containing an involution are considered. At present, mathematicians from many 
countries are studying differential equations with involution. The reference devoted to the study of 
differential equations with involution is quite extensive. An extensive bibliography contains monographs 
by D. Przevorska-Rolevicz [2],  J. Wiener [3]. Jack K. Hale Sjoerd M. Verduyn Lunel [4]. 

Partial differential equations with involution arise in mathematical models of population dynamics, 
ecology and physiology. A series of papers by S. Busenberg [6], J.M. Cushing [7-8] and others, devoted to 
mathematical modeling in population theory (biology), suggest the need for deep research on the 
analytical theory of differential equations with involution. In the work of J. Wiener [3, p. 264], attempts 
were made to apply the method of variable separation to partial differential equations with involution. In 
this case, solution is sought as a series in eigenfunctions. Conditions on existence of unbounded solutions 
of the considered problems are obtained, as well as the condition for a series to diverge in terms of 
eigenfunctions. Among the studies of recent years we can note the work of W.Watkins [9-10], which deals 
with solvability of one-dimensional differential equations with involution, and A.P. Khromov and his 
followers [11–12], which consider questions of solvability of integral and partial differential equations 
with involution. 

Method of variable separation for solving partial differential equations is based on the spectral theory 
of one-dimensional differential operators. Spectral theory of self-adjoint and non-self-adjoint ordinary 
differential operators, which originated in depths of the equations of mathematical physics and began with 
classical works of Sturm, Liouville, Steklov and others, has received a fairly complete development over 
the past century. Spectral theory of self-adjoint ordinary differential operators is almost complete. In the 
field of spectral theory of non-self-adjoint ordinary differential operators, substantial results on 
completeness and basicity of eigenfunctions and associated functions are obtained by M.V. Keldysh [13], 
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V.A. Il’in [14-19], M. Otelbaev [20], A.A. Shkalikov [21], Radzievsky [22] and many other 
mathematicians. 

Theory of basicity of systems of eigenfunctions and associated functions of non-self-adjoint ordinary 
differential operators, proposed by V.А. Ilyin, received rapid development. Review papers [23-24] give a 
fairly complete picture of development of the basicity theory by V.А. Il’in. 

Compared with the spectral theory of ordinary differential operators, the spectral theory of one-
dimensional differential operators with involution is in its infancy. Apparently, the first works on the 
spectral theory of one-dimensional differential operators with involution were carried out on initiative of 
T.Sh. Kalmenov [25-29] in the past decade of this century. These studies were continued in the cycle of 
works by M.A. Sadybekov and A.M. Sarsenby [30-35]. Over the past decade, interest of researchers to 
differential equations with involutions has noticeably increased, as evidenced by the publications [36–52]. 
The bases theory is described in [54–55] in detail. 

In this paper we continue the studies begun in [28], a brief summary of this paper was announced in 
[53]. 

Formulation of the problem. We investigate the boundary value problem  
  

ݕܮ  ൌ ሻݔሺ′ݕܽ ൅ ሺ1′ݕܾ െ ሻݔ ൌ ,ሻݔሺݕߣ ݔ ∈ ሺ0,1ሻ,  (1.1) 
  

ሺ0ሻݕߙ  ൅ ሺ1ሻݕߚ ൌ 0,  (1.2) 

where ܽ, ܾ, ,ߙ  ሻ is a desiredݔሺݕ ,is a spectral parameter ߣ are arbitrary, previously known constants, and ߚ
function from the class ܥଵሺ0,1ሻ ∩  .ሾ0,1ሿܥ

Let operator ܲ be defined by the following formula 

ሻݔሺݕܲ ൌ ሻݔሺݕܽ ൅ ሺ1ݕܾ െ  ,ሻݔ
then 

ܲିଵݒሺݔሻ ൌ
ሺܽܫ െ ܾܵሻݒሺݔሻ

ܽଶ െ ܾଶ
, 

where ܵݒሺݔሻ ൌ ሺ1ݒ െ  .is unit operator ܫ ,ሻݔ

Indeed, 

ܲܲିଵݒሺݔሻ ൌ ሺܽܫ ൅ ܾܵሻ
ሺܽܫ െ ܾܵሻݒሺݔሻ

ܽଶ െ ܾଶ
ൌ 

ൌ
ܽଶܫ െ ܾܽܵ ൅ ܾܽܵ െ ܾଶܵଶ

ܽଶ െ ܾଶ
ൌ
ሺܽଶ െ ܾଶሻܫ
ܽଶ െ ܾଶ

ൌ  .ܫ

Consequently, if ܽଶ െ ܾଶ ് 0, then the problem (1.1) - (1.2) takes the following form: 

ݕܮ ൌ ܲ
݀
ݔ݀

ሻݔሺݕ ൌ ݂ሺݔሻ, ݔ ∈ ሺ0,1ሻ, 

ሺ0ሻݕߙ ൅ ሺ1ሻݕߚ ൌ 0. 

൜
ሻݔሺ′ݕ ൌ ,ሻݔሺݕଵିܲߣ
ሺ0ሻݕߙ ൅ ሺ1ሻݕߚ ൌ 0;

	ቐݕ
′ሺݔሻ ൌ ߣ

ܫܽ െ ܾܵ
ܽଶ െ ܾଶ

,ሻݔሺݕ

ሺ0ሻݕߙ ൅ ሺ1ሻݕߚ ൌ 0.
 

It is a generalized spectral problem. 

 Let ܳݕሺݔሻ ൌ ሻݔሺݕܽ ൅ ሺ1ݕܾ െ  ሻ, thenݔ

ܳିଵݒሺݔሻ ൌ
ሺܽܫ െ ܾܵሻݒሺݔሻ

ଶߙ െ ଶߚ
. 

Supposing ܳݕሺݔሻ ൌ  ሻ, we haveݔሺݖ

ሻݔሺݕ ൌ ܳିଵݖሺݔሻ ൌ
ܫܽ െ ܾܵ
ଶߙ െ ଶߚ

ሻݔሺݖ ൌ
ሻݔሺݖߙ െ ሺ1ݖߚ െ ሻݔ

ଶߙ െ ଶߚ
, 
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ሻݔሺ′ݕ ൌ
ሻݔሺ′ݖߙ ൅ ሺ1′ݖߚ െ ሻݔ

ଶߙ െ ଶߚ
ൌ

ሻݔሺ′ݖܳ

ଶߙ െ ଶߚ
; 

Then our problem takes the following form: 

ሻݔሺ′ݖܳ

ଶߙ െ ଶߚ
ൌ ߣ

ܫܽ െ ܾܵ
ܽଶ െ ܾଶ

ܳିଵݖሺݔሻ, ൌ൐ ݖܳ	 ′ሺݔሻ ൌ ߣ
ଶߙ െ ଶߚ

ܽଶ െ ܾଶ
ܳିଵݖሺݔሻ,	 

ሻݔሺ′ݖܳ ൌ ଶߙሺߣ െ  ,ሻݔሺݖଶሻܲିଵܳିଵߚ
  

 ൜ݖ
′ሺݔሻ ൌ ଶߙሺߣ െ ,ሻݔሺݖଶሻܳିଵܲିଵܳିଵߚ

ሺ0ሻݖ ൌ 0.
  (1.3), (1.4) 

It is a generalized spectral Cauchy problem. 

Remark 1.1. If ሺߙଶ െ ଶሻሺܽଶߚ െ ܾଶሻ ് 0, then the problem (1.1)-(1.2) is equivalent to the 
generalized spectral Cauchy problem (1.3)-(1.4). 

2. Research Methods. 

2.1. Solvability. If ݕ௡ሺݔሻ ൌ sin   then ,ݔߨ݊
௡ሺ1ݕ െ ሻݔ ൌ ሺെ1ሻ௡ାଵݕ௡ሺݔሻ, ଶ௠ሺ1ݕ െ ሻݔ ൌ െݕଶ௠ሺݔሻ,	 

ሻݔଶ௠ିଵሺݕ ൌ ଶ௠ିଵሺ1ݕ െ  	;ሻݔ
moreover ݕ௡ሺ0ሻ ൌ 0, ௡ሺ1ሻݕ ൌ 0.  

а) ݕଶ௠ሺ1 െ ሻݔ ൅ ሻݔଶ௠ሺݕ ൌ 0,ൌ൐ ሻݔଶ௠ሺ′ݕ െ ଶ௠ሺ1′ݕ െ ሻݔ ൌ 0;	 
б) ݕଶ௠ିଵሺݔሻ െ ሻݔଶ௠ିଵሺݕ ൌ 0,ൌ൐ ሻݔଶ௠ିଵሺ′ݕ ൅ ሻݔଶ௠ିଵሺ′ݕ ൌ 0.	 

Lemma 2.1. If ݕܮ଴ ൌ 0, ሻݔ଴ሺݕ ≢ 0, then  

 ሺܽଶ െ ܾଶሻሺߙ ൅ ሻߚ ൌ 0. (2.1) 

Proof. From the equation (1.1) we have 

ቊ
ሻݔሺ′ݕܽ ൅ ሺ1′ݕܾ െ ሻݔ ൌ 0,
ሻݔሺ′ݕܾ ൅ ሺ1′ݕܽ െ ሻݔ ൌ 0;

	ൌ൐	 

 
а) or ܽଶ െ ܾଶ ൌ 0, and ݕ′ሺݔሻ ≢ 0; 
б) or ܽଶ െ ܾଶ ് 0, and ݕ′ሺݔሻ ≡ 0. 

If ܽ ൌ ܾ ് 0, then the problem has the form 

൜
ሻݔሺ′ݕ ൅ ሺ1′ݕ െ ሻݔ ൌ 0,
ሺ0ሻݕߙ ൅ ሺ1ሻݕߚ ൌ 0.

 

Functions ݕଶ௠ିଵሺݔሻ ൌ sinሺ2݉ െ 1ሻݔߨ,݉ ൌ 1,2, … are solutions of this problem, therefore, in this 
case the point ߣ଴ ൌ 0 is an infinitely multiple eigenvalue of the boundary value problem (1.1)-(1.2). 

If ܾ ൌ െܽ ് 0, then the boundary value problem (1.1)-(1.2) takes the following form 

൜
ሻݔሺ′ݕ െ ሺ1′ݕ െ ሻݔ ൌ 0,
ሺ0ሻݕߙ ൅ ሺ1ሻݕߚ ൌ 0.

 

Solution of this problem is the following functions  

ሻݔଶ௠ሺݕ ൌ sin ݉,ݔߨ2݉ ൌ 1,2, … 

therefore, also in this case the point ߣ଴ ൌ 0 is infinitely multiple eigenvalue of the boundary value 
problem (1.1) - (1.2). 

 If ܽଶ െ ܾଶ ് 0, then ݕ′ሺݔሻ ≡ 0, ሻݔሺݕ ൌ ܥ െ  	ൌ൐	;ݐݏ݊݋ܿ
ߙ ∙ ܥ ൅ ߚ ∙ ܥ ൌ 0, ሺߙ ൅ ሻߚ ∙ ܥ ൌ 0,ൌ൐ ߙ	 ൅ ߚ ൌ 0, 

since ܥ ് 0. 
Let ሺܽଶ െ ܾଶሻሺߙ ൅ ሻߚ ൌ 0, then  
а) or ߙ ൅ ߚ ൌ 0, or ߙ ൅ ߚ ് 0, then ܽଶ െ ܾଶ ൌ 0. 
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If ߙ ൅ ߚ ൌ 0, then the function ݕ଴ሺݔሻ ൌ ܥ െ ଴ߣ is an eigenfunction and ݐݏ݊݋ܿ ൌ 0 is an eigenvalue.  
If ܽଶ െ ܾଶ ൌ 0, then as we have already noted, in the case ܽ ൌ ܾ the functions ݕଶ௠ିଵሺݔሻ ൌ

sinሺ2݉ െ 1ሻݔߨ,݉ ൌ 1,2, … are eigenfunctions, and ߣ଴ ൌ 0 is eigenvalue of the infinitely multiple. In the 
case ܾ ൌ െܽ the functions ݕଶ௠ሺݔሻ ൌ sin ଴ߣ are eigenfunctions, and 	ݔߨ2݉ ൌ 0 is infinitely multiple 
eigenvalue. 

Lemma 2.2. Operator ܮ is invertible if and only if  
  

 ሺܽଶ െ ܾଶሻሺߙ ൅ ሻߚ ് 0,  (2.2) 
where  

  
ݕܮ  ൌ ሻݔሺ′ݕܽ ൅ ሺ1′ݕܾ െ  ሻ,  (1.1)ݔ

  
ሺ0ሻݕߙ  ൅ ሺ1ሻݕߚ ൌ 0.  (1.2) 

  
Proof. If ሺܽଶ െ ܾଶሻሺߙ ൅ ሻߚ ൌ 0, then in the case ܽଶ െ ܾଶ ൌ ଴ߣ ,0 ൌ 0 is eigenvalue, thus the 

operator ܮ is not invertible, and in the case ܽଶ െ ܾଶ ് ଴ߣ ,0 ൌ 0 is a simple eigenvalue, therefore the 
operator ܮ is again non-invertible. 

Inversely, if operator ܮ is non-invertible, then there exists a function 	ܦ	଴ሺݔሻ ≢ 0 such that ݕܮ଴ ൌ 0, 
then due to Lemma 2.1, we have the equality (2.1). 

2.2. About inverse operator. 

ݕܮ   ൌ ሻݔሺ′ݕܽ ൅ ሺ1′ݕܾ െ ሻݔ ൌ ݂ሺݔሻ, ݔ ∈ ሺ0,1ሻ,  (1.1) 
  

ሺ0ሻݕߙ  ൅ ሺ1ሻݕߚ ൌ |ߙ| ,0 ൅ |ߚ| ് 0.  (1.2) 

Let ܶݑሺݔሻ ൌ ሻݔሺݑܽ ൅ ሺ1ݑܾ െ ሻݔ ൌ ሺܽܫ ൅ ܾܵሻݑሺݔሻ, 

where ܵݑሺݔሻ ൌ ሺ1ݑ െ  ሻ, thenݔ

ܶିଵݒሺݔሻ ൌ
ܫܽ െ ܾܵ
ଶߙ െ ଶߚ

 .ሻݔሺݒ

Indeed, 

ܶܶିଵݒሺݔሻ ൌ ሺܽܫ ൅ ܾܵሻ
ሺܽܫ െ ܾܵሻݒሺݔሻ

ܽଶ െ ܾଶ
ൌ
ሺܽଶܫ െ ܾܽܵ ൅ ܾܽܵ െ ܾଶܵଶሻ

ܽଶ െ ܾଶ
ሻݔሺݒ ൌ  .ሻݔሺݒ

 
The problem (1.1)-(1.2) takes the following form 

ቐܶ
݀
ݔ݀

ሻݔሺݕ ൌ ݂ሺݔሻ, ݔ ∈ ሺ0,1ሻ,

ሺ0ሻݕߙ ൅ ሺ1ሻݕߚ ൌ 0.
 

Consequently,  
ሻݔሺ′ݕ ൌ ܶିଵ݂ሺݔሻ, ൌ൐	 

ሻݔሺݕ ൌ ሺ0ሻݕ ൅ නܶିଵ݂ሺݐሻ݀ݐ

௫

଴

, ሺ1ሻݕ െ ሻݔሺݕ ൌ නܶିଵ݂ሺݐሻ݀ݐ,

ଵ

௫

 

ሻݔሺݕ ൌ ሺ1ሻݕ െ නܶିଵ݂ሺݐሻ݀ݐ,

ଵ

௫

	ൌ൐	 

ሺߙ ൅ ሻݔሺݕሻߚ ൌ ݐሻ݀ݐනܶିଵ݂ሺߙ

௫

଴

െ ,ݐሻ݀ݐනܶିଵ݂ሺߚ

ଵ

௫
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ሻݔሺݕ ൌ ሻݔଵ݂ሺିܮ ൌ
ߙ

ߙ ൅ ߚ
නܶିଵ݂ሺݐሻ݀ݐ

௫

଴

െ
ߚ

ߙ ൅ ߚ
නܶିଵ݂ሺݐሻ݀ݐ

ଵ

௫

ൌ 

ൌ
ߙ

ߙ ൅ ߚ
නߠሺݔ െ ݐሻ݀ݐሻܶିଵ݂ሺݐ

ଵ

଴

െ
ߚ

ߙ ൅ ߚ
නиሺݔ െ ݐሻ݀ݐሻܶିଵ݂ሺݐ

ଵ

଴

ൌ 

ൌ න
ݔሺߠߙ െ ሻݐ െ ݐሺߠߚ െ ሻݔ

ߙ ൅ ߚ
ܶିଵ݂ሺݐሻ݀ݐ

ଵ

଴

ൌ 

ൌ න
ݐሺߠߙ െ ሻݔ െ ݐሺߠߚ െ ሻݔ

ߙ ൅ ߚ
∙
݂ܽሺݐሻ െ ܾ݂ሺ1 െ ሻݐ

ܽଶ െ ܾଶ
ݐ݀ ൌ

ଵ

଴

 

ൌ
ܽ

ሺܽଶ െ ܾଶሻሺߙ ൅ ሻߚ
නሾߠߙሺݔ െ ሻݐ െ ݐሺߠߚ െ ݐሻ݀ݐሻሿ݂ሺݔ

ଵ

଴

െ 

െ
ܾ

ሺܽଶ െ ܾଶሻሺߙ ൅ ሻߚ
නሾߠߙሺݔ െ ሻݐ െ ݐሺߠߚ െ ݐሻ݀ݐሻሿ݂ሺݔ

ଵ

଴

ൌ 

ܽ
ሺܽଶ െ ܾଶሻሺߙ ൅ ሻߚ

නሾߠߙሺݔ െ ሻݐ െ ݐሺߠߚ െ ݐሻ݀ݐሻሿ݂ሺݔ

ଵ

଴

െ 

െ
ܾ

ሺܽଶ െ ܾଶሻሺߙ ൅ ሻߚ
නሾߠߙሺݔ െ 1 ൅ ሻݐ െ ሺ1ߠߚ െ ݐ െ ݐሻ݀ݐሻሿ݂ሺݔ

ଵ

଴

ൌ 

ൌ න
ܽሾߠߙሺݔ െ ሻݐ െ ݐሺߠߚ െ ሻሿݔ െ ܾሾߠߙሺݔ െ 1 ൅ ሻݐ െ ሺ1ߠߚ െ ݐ െ ሻሿݔ

ሺܽଶ െ ܾଶሻሺߙ ൅ ሻߚ

ଵ

଴

∙ 

∙ ݂ሺݐሻ݀ݐ ൌ නܭሺݔ, ݐሻ݀ݐሻ݂ሺݐ

ଵ

଴

, 

where  

,ݔሺܭ ሻݐ ൌ
ܽሾߠߙሺݔ െ ሻݐ െ ݐሺߠߚ െ ሻሿݔ െ ܾሾߠߙሺݔ െ 1 ൅ ሻݐ െ ሺ1ߠߚ െ ݐ െ ሻሿݔ

ሺܽଶ െ ܾଶሻሺߙ ൅ ሻߚ
.	 

 
We have proved the following theorem. 
 
Lemma 2.3. If  

ሺܽଶ െ ܾଶሻሺߙ ൅ ሻߚ ് 0 

then the inverse operator ିܮଵ exists and has the form 

ሻݔሺݕ ൌ ሻݔଵ݂ሺିܮ ൌ නܭሺݔ, ݐሻ݀ݐሻ݂ሺݐ

ଵ

଴

, 

where 

,ݔሺܭ ሻݐ ൌ
ܽሾߠߙሺݔ െ ሻݐ െ ݐሺߠߚ െ ሻሿݔ െ ܾሾߠߙሺݔ െ 1 ൅ ሻݐ െ ሺ1ߠߚ െ ݐ െ ሻሿݔ

ሺܽଶ െ ܾଶሻሺߙ ൅ ሻߚ
.	 

2.3. Criteria about Volterra property. 

We consider the following boundary value problem 
  

ݕܮ  ൌ ሻݔሺ′ݕܽ ൅ ሺ1′ݕܾ െ ሻݔ ൌ ݂ሺݔሻ, ݔ ∈ ሺ0,1ሻ,  (1.1) 
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ሺ0ሻݕߙ  ൅ ሺ1ሻݕߚ ൌ 0,  (1.2) 

in the space ܮଶሺ0,1ሻ, where ܽ, ܾ, ,ߙ   are arbitrary complex constants, satisfying the condition ߚ

 ሺ|ܽ| ൅ |ܾ|ሻሺ|ߙ| ൅ ሻ|ߚ| ് 0, ܾ ് 0  (2.1) 

݂ሺݔሻ is a continuous function on the segment ሾ0,1ሿ, ݕሺݔሻ is a unknown, continuously differentiable 
function. 

Definition 2.1. If the boundary value problem  

ݕܮ  ൌ ሻݔᇱሺݕܽ ൅ ᇱሺ1ݕܾ െ ሻݔ െ ሻݔሺݕߣ ൌ 0,  (1.1) 

ሺ0ሻݕߙ  ൅ ሺ1ሻݕߚ ൌ 0,  (1.2) 

has only trivial solution at any complex ߣ, then it is called Volterra. 

Theorem 2.1. Boundary value problem (1.1) - (1.2) is Volterra if and only if  

1) ሺܽଶ െ ܾଶሻሺߙଶ െ ଶሻߚ ് 0; (2.2) 
2) ܾሺߙଶ ൅ ଶሻߚ ൅ ܽߚߙ2 ൌ 0. (2.3) 

Proof.  

а) Necessity. Let boundary value problem (1.1) - (1.2) be Volterra, then ሺܽଶ െ ܾଶሻሺߙ ൅ ሻߚ ് 0, 
otherwise ߣ଴ ൌ 0 is eigenvalue, which contradicts the Volterra property of the boundary value problem 
(1.1) - (1.2). If the condition ሺܽଶ െ ܾଶሻሺߙ ൅ ሻߚ ് 0 holds, then there exists inverse operator ିܮଵ, which 
has the form  

ሻݔଵ݂ሺିܮ ൌ නܭሺݔ, ݐሻ݀ݐሻ݂ሺݐ

ଵ

଴

, 

where 

,ݔሺܭ ሻݐ ൌ
ܽሾߠߙሺݔ െ ሻݐ െ ݐሺߠߚ െ ሻሿݔ െ ܾሾߠߙሺݔ െ 1 ൅ ሻݐ െ ሺ1ߠߚ െ ݐ െ ሻሿݔ

ሺܽଶ െ ܾଶሻሺߙ ൅ ሻߚ
. 

 
If the operator ܮ does not any nonzero eigenvalues, then the operator ିܮଵ also does not have nonzero 

eigenvalues, consequently, kernel operator ሺିܮଵሻଶ does not have nonzero eigenvalues. Then, by the 
Lidsky theorem [59], we get 

ଶିܮ݌ܵ ൌ 0. 

Now we calculate the left part of this formula 

ሻݔଶ݂ሺିܮ ൌ නܭଶሺݔ, ݐሻ݀ݐሻ݂ሺݐ

ଵ

଴

, 

where 

,ݔଶሺܭ ሻݐ ൌ නܭሺݔ, ,ߦሺܭሻߦ ߦሻ݀ݐ

ଵ

଴

. 

It is known that (by the Gaal theorem) [60] 

ଶିܮ݌ܵ ൌ නܭଶሺݔ, ሻݔ

ଵ

଴

 ,ݔ݀

thus  

ଶିܮ݌ܵ ൌ නනܭሺݔ, ,ߦሺܭሻߦ .ݔ݀ߦሻ݀ݐ

ଵ

଴

ଵ

଴

 

It remains to calculate this double integral: 

,ݔሺܭ ,ߦሺܭሻߦ ሻݐ ൌ? 
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,ݔሺܭ ሻߦ ൌ
ܽሾߠߙሺݔ െ ሻߦ െ ߦ绎ሺ	ߚ െ ሻሿݔ െ ܾሾߠߙሺݔ െ 1 ൅ ሻߦ െ ሺ1ߠߚ െ ߦ െ ሻሿݔ

ሺܽଶ െ ܾଶሻሺߙ ൅ ሻߚ
ൌ

ሾ1ሿܭ െ ሾ2ሿܭ
ሺܽଶ െ ܾଶሻሺߙ ൅ ሻߚ

; 

 

,ߦሺܭ ሻݔ ൌ
ܽሾߠߙሺߦ െ ሻݔ െ ݔሺߠߚ െ ሻሿߦ െ ܾሾߠߙሺߦ െ 1 ൅ ሻݔ െ ሺ1ߠߚ െ ݔ െ ሻሿߦ

ሺܽଶ െ ܾଶሻሺߙ ൅ ሻߚ
ൌ

ሾ3ሿܭ െ ሾ2ሿܭ
ሺܽଶ െ ܾଶሻሺߙ ൅ ሻߚ

. 

 

ሾ1ሿܭ ∙ ሾ3ሿܭ ൌ െߠߚߙሺݔ െ ሻߦ െ ߦሺߠߙߚ െ ሻݔ ൌ െߚߙሾߠሺݔ െ ሻߦ ൅ ߦሺߠ െ ሻሿݔ ൌ െߚߙ; 

 

ሾ1ሿܭ ∙ ሾ2ሿܭ ൌ ݔሺߠଶߙ െ ሻߦ ∙ ݔሺߠ ൅ ߦ െ 1ሻ െ ݔሺߠߚߙ െ ሺ1ߠሻߦ െ ݔ െ ሻߦ െ 

െߠߙߚሺߦ െ ݔሺߠሻݔ ൅ ߦ െ 1ሻ ൅ ߦሺߠଶߚ െ ሻݔ ∙ ሺ1ߠ െ ݔ െ  ;ሻߦ

 

ሾ2ሿܭ ∙ ሾ3ሿܭ ൌ ݔሺߠଶߙ ൅ ߦ െ 1ሻ ∙ ߦሺߠ െ ሻݔ െ ݔሺߠߚߙ ൅ ߦ െ 1ሻߠሺݔ െ ሻߦ െ 

െߠߙߚሺ1 െ ݔ െ ߦሺߠሻߦ െ ሻݔ ൅ ሺ1ߠଶߚ െ ݔ െ ሻߦ ∙ ݔሺߠ െ  ;ሻߦ

 

ሾ2ሿܭ ∙ ሾ2ሿܭ ൌ ݔሺߠଶߙ ൅ ߦ െ 1ሻ ൅ ሺ1ߠଶߚ െ ݔ െ  ;ሻߦ

Consequently, 

,ݔሺܭ ሻߦ ൌ
ሾ1ሿܭܽ െ ሾ2ሿܭܾ
ሺܽଶ െ ܾଶሻሺߙ ൅ ሻߚ

, ,ߦሺܭ ሻݔ ൌ
ሾ3ሿܭܽ െ ሾ2ሿܭܾ
ሺܽଶ െ ܾଶሻሺߙ ൅ ሻߚ

, 

 

,ݔሺܭ ሻߦ ∙ ,ߦሺܭ ሻݔ ൌ
ܽଶܭሾ1ሿ ∙ ሾ3ሿܭ െ ሾ1ሿܭܾܽ ∙ ሾ2ሿܭ െ ሾ2ሿܭܾܽ ∙ ሾ3ሿܭ ൅ ܾଶܭଶሾ2ሿ

ሺܽଶ െ ܾଶሻሺߙ ൅ ሻߚ
ൌ 

 

ൌ ܽଶሺെߚߙሻ െ ܾܽሾߙଶߠሺݔ െ ሻߦ ∙ ݔሺߠ ൅ ߦ െ 1ሻ െ ݔሺߠߚߙ െ ሺ1ߠሻߦ െ ݔ െ ሻߦ െ 
 

െߠߙߚሺߦ െ ݔሺߠሻݔ ൅ ߦ െ 1ሻ ൅ ߦሺߠଶߚ െ ሻݔ ∙ ሺ1ߠ െ ݔ െ ሻሿߦ െ 
 

െܾܽሾߙଶߠሺݔ ൅ ߦ െ 1ሻ ∙ ߦሺߠ െ ሻݔ െ ݔሺߠߚߙ ൅ ߦ െ 1ሻߠሺݔ െ ሻߦ െ 
 

െߠߙߚሺ1 െ ݔ െ ߦሺߠሻߦ െ ሻݔ ൅ ሺ1ߠଶߚ െ ݔ െ ሻߦ ∙ ݔሺߠ െ ሻሿߦ ൅ 
 

൅ܾଶሾߙଶߠሺݔ ൅ ߦ െ 1ሻ ൅ ሺ1ߠଶߚ െ ݔ െ ሺܽଶ	/	ሻሿߦ െ ܾଶሻሺߙ ൅  ;ሻଶߚ

We calculate the following integrals: 

׬ (1 ׬ иሺݔ െ ݔሺߠሻߦ ൅ ߦ െ 1ሻ݀ݔ݀ߦ ൌ 	 ฬ
ݔ െ ߦ ൐ 0,

ݔ ൅ ߦ െ 1 ൐ 0, 	ൌ൐ ݔ ൐ ߦ ൐ 1 െ ฬݔ
ଵ
଴

ଵ
଴  

  ߦ															 
ߦ							  ൌ 1 
 
    
 ଵܦ																																												 
 

 ݔ 
ݔ   ൌ 1 

ൌඵ ݔ݀ߦ݀ ൌ
1
4

଴

஽భ

; 

 



News of the National Academy of sciences of the Republic of Kazakhstan 
  

   
26  

׬ (2 ׬ ݔሺߠ െ ሺ1ߠሻߦ െ ݔ െ ݔ݀ߦሻ݀ߦ ൌ 	 ฬ
ݔ െ ߦ ൐ 0,

1 െ ݔ െ ߦ ൐ 0, 	ൌ൐
ݔ ൐ ,ߦ

1 െ ߦ ൐ ݔ ൐ ฬ,ߦ
ଵ
଴

ଵ
଴  

  ߦ																	 
ߦ									  ൌ 1 
 
  
 	ଶܦ		        

 ݔ
ݔ   ൌ 1 

ൌඵ ݔ݀ߦ݀ ൌ
1
4

଴

஽మ

; 

 

׬ (3 ׬ ߦሺߠ െ ݔሺߠሻݔ ൅ ߦ െ 1ሻ݀ݔ݀ߦ ൌ 	 ฬ
ߦ െ ݔ ൐ 0,

ݔ ൅ ߦ െ 1 ൐ 0, 	ൌ൐
ߦ ൐ ,ݔ

ߦ ൐ 1 െ ฬ,ݔ
ଵ
଴

ଵ
଴  

  ߦ                
ߦ								  ൌ 1 
 ଷܦ															 
  
 

 ݔ
ݔ																																																  ൌ 1  

ൌඵ ݔ݀ߦ݀ ൌ
1
4

଴

஽య

; 

 

׬ (4 ׬ ߦሺߠ െ ሺ1ߠሻݔ െ ݔ െ ݔ݀ߦሻ݀ߦ ൌ 	 ฬ
ݔ െ ߦ ൐ 0,

1 െ ݔ െ ߦ ൐ 0,	ฬ
ଵ
଴

ଵ
଴  

  ߦ																	 
ߦ								  ൌ 1 
 
  
  ସܦ                                        
 ݔ																																																																																									 
ݔ                                             ൌ 1 

ൌඵ ݔ݀ߦ݀ ൌ
1
4

଴

஽ర

; 

׬ (5 ׬ ሾߙଶߠሺݔ ൅ ߦ െ 1ሻ ൅ ሺ1ߠଶߚ െ ݔ െ ሻሿ݀ߦ
ଵ
଴

ଵ
଴ ݔ݀ߦ ൌ? 

නනߙଶߠሺݔ ൅ ߦ െ 1ሻ݀ݔ݀ߦ ൌ න݀ݔ

ଵ

଴

න ߦଶ݀ߙ

௫

ଵି௫

ൌ නሺ1 െ 1 ൅ ݔଶ݀ߙሻݔ

ଵ

଴

ൌ

ଵ

଴

ଵ

଴

 

ൌ ݔ݀ݔଶනߙ

ଵ

଴

ൌ ଶߙ
ଶݔ

2
ቤ
଴

ଵ

ൌ
ଶߙ

2
; 

නනߚଶߠሺ1 െ ݔ െ ߦ݀ݔሻ݀ߦ ൌ ଶߚ න݀ݔ

ଵ

଴

න ߦ݀

ଵି௫

଴

ൌ ଶߚ නሺ1 െ ݔሻ݀ݔ

ଵ

଴

ൌ

ଵ

଴

ଵ

଴

 

ൌ ଶߚ ቆݔ െ
ଶݔ

2
ቇቤ
଴

ଵ

ൌ ଶߚ ൬1 െ
1
2
൰ ൌ

ଶߚ

2
; 
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ଶିܮ݌ܵ ൌ නනܭሺݔ, ,ߦሺܭሻߦ ݔ݀ߦሻ݀ݐ ൌ

ଵ

଴

ଵ

଴

 

ൌ
ܽଶሺെߚߙሻ െ

ܾܽ
4 ሺߙଶ െ ߚߙ െ ߙߚ ൅ ଶሻߚ െ

ܾܽ
4 ሺߙଶ െ ߚߙ െ ߙߚ ൅ ଶሻߚ ൅ ܾଶ

ଶߙ ൅ ଶߚ

2
ሺܽଶ െ ܾଶሻଶሺߙ ൅ ሻଶߚ

 

ൌ
െ2ܽߚߙଶ െ ܾܽሺߙ െ ሻଶߚ ൅ ܾଶሺߙଶ ൅ ଶሻߚ

2ሺܽଶ െ ܾଶሻଶሺߙ ൅ ሻଶߚ
ൌ 

ൌ
െ2ܽߚߙଶ െ ଶߙܾܽ ൅ ܾܽߚߙ2 െ ଶߚܾܽ ൅ ܾଶߙଶ ൅ ܾଶߚଶ

2ሺܽଶ െ ܾଶሻଶሺߙ ൅ ሻଶߚ
ൌ 

ൌ
ሾߙଶሺܾଶ െ ܾܽሻ ൅ ଶሺܾଶߚ െ ܾܽሻ ൅ ܾܽߚߙ2 െ ଶሿܽߚߙ2

2ሺܽଶ െ ܾଶሻଶሺߙ ൅ ሻଶߚ
ൌ 

ൌ
ሺܾଶ െ ܾܽሻሺߙଶ ൅ ଶሻߚ ൅ ሺܾܽߚߙ2 െ ܽଶሻ

2ሺܽଶ െ ܾଶሻଶሺߙ ൅ ሻଶߚ
ൌ 

ൌ
ܾሺܾ െ ܽሻሺߙଶ ൅ ଶሻߚ ൅ ሺܾܽߚߙ2 െ ܽሻ

2ሺܽଶ െ ܾଶሻଶሺߙ ൅ ሻଶߚ
ൌ 

ൌ
ሺܾ െ ܽሻሾܾሺߙଶ ൅ ଶሻߚ ൅ ሿܽߚߙ2

2ሺܽଶ െ ܾଶሻଶሺߙ ൅ ሻଶߚ
ൌ 0. 

Since ܾ െ ܽ ് 0, then ܾሺߙଶ ൅ ଶሻߚ ൅ ܽߚߙ2 ൌ 0, thus the necessity of the second condition is proved. 
If ߚ ൌ െߙ, then ܾ ∙ ଶߙ2 െ ଶߙ2 ∙ ܽ ൌ ଶሺܾߙ2 െ ܽሻ ൌ 0, since ߙ ് 0, therefore ܾ െ ܽ ൌ 0, it is 

impossible, thus ߚ ് െߙ or ߚ ൅ ߙ ് 0. 
Similarly, if ߚ ൌ ܾ then ,ߙ ∙ ଶߙ2 ൅ ଶߙ2 ∙ ܽ ൌ 0, ଶሺܾߙ2 ൅ ܽሻ ൌ 0, since ߙ ് 0, then ܾ ൅ ܽ ൌ 0, it is 

impossible, therefore ߚ െ ߙ ് 0. Earlier we showed that ሺܽଶ െ ܾଶሻሺߙ ൅ ሻߚ ് 0, due to the last condition, 
we have ሺܽଶ െ ܾଶሻሺߙଶ െ ଶሻߚ ് 0, t.е. we get the inequality (4.2). 

б) Sufficiency.  
 Let ሺܽଶ െ ܾଶሻሺߙଶ െ ଶሻߚ ് 0 and ܾሺߙଶ ൅ ଶሻߚ ൅ ܽߚߙ2 ൌ 0. From the equation (1.1) we have 

ܶ
݀
ݔ݀

ሻݔሺݕ ൌ ,ሻݔሺݕߣ ሻݔᇱሺݕ ൌ  ,ሻݔሺݕଵିܶߣ

ሻݔᇱሺݕ ൌ ߣ
ܫܽ െ ܾܵ
ܽଶ െ ܾଶ

 .ሻݔሺݕ

Differentiating this equation, we obtain 

ሻݔᇱᇱሺݕ ൌ ߣ
ᇱݕܽ ൅ ᇱሺ1ݕܾ െ ሻݔ

ܽଶ െ ܾଶ
ൌ ߣ

ܫܽ ൅ ܾܵ
ܽଶ െ ܾଶ

ሻݔᇱሺݕ ൌ 

ൌ ଶߣ
ܫܽ ൅ ܾܵ
ܽଶ െ ܾଶ

∙
ܫܽ െ ܾܵ
ܽଶ െ ܾଶ

ൌ
ଶߣ

ܽଶ െ ܾଶ
 .ሻݔሺݕ

Lemma 2.4. If ߣ ് 0 is a eigenvalue of the boundary value problem  

ሻݔᇱሺݕܽ   ൅ ᇱሺ1ݕܾ െ ሻݔ ൌ ,ሻݔሺݕߣ ݔ ∈ ሺ0,1ሻ,  (1.1) 
ሺ0ሻݕߙ  ൅ ሺ1ሻݕߚ ൌ 0,  (1.2) 

where ܾ ് 0, |ߙ| ൅ |ߚ| ് 0, ܽଶ െ ܾଶ ് 0, then the quantity 

ଶߤ  ൌ
ఒమ

௔మି௕మ
  (2.4) 

is eigenvalue of the Sturm - Liouville operator  

ሻݔᇱᇱሺݕ  ൌ ,ሻݔሺݕଶߤ ݔ ∈ ሺ0,1ሻ,  (2.5) 
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 ൜
ሺ0ሻݕߙ ൅ ሺ1ሻݕߚ ൌ 0,

ᇱሺ0ሻݕሾܽߙ ൅ ᇱሺ1ሻሿݕܾ ൅ ᇱሺ1ሻݕሾܽߚ ൅ ᇱሺ0ሻሿݕܾ ൌ 0,
  (2.6) 

Corollary 2.1. If the Sturm - Liouville problem (2.5)-(2.6) does not have nonzero eigenvalues, then 
the problem (1.1)-(1.2) also does not them. 

Boundary value problem (2.5)-(2.6) does not eigenvalues if and only if 

∆ଶସൌ 0, ∆ଵସ ൅ ∆ଷଶൌ 0, ∆ଵଷൌ 0, 

where ∆௜௝ are minors of the matrix  

൬
ߙ 0 ߚ 0
0 ܽߙ ൅ ܾߚ 0 ܾߙ ൅  .൰ܽߚ

It is obvious that  

∆ଶସൌ 0, ∆ଵସൌ ܾߙሺߙ ൅ ,ሻܽߚ ∆ଶଷൌ െߚሺܽߙ ൅ ,ሻܾ/ߚ ∆ଵଷൌ 0. 

Moreover, 
∆ଵସ ൅ ∆ଷଶൌ ܾߙሺߙ ൅ ሻܽߚ ൅ ܽߙሺߚ ൅ ሻܾߚ ൌ 

ൌ ଶܾߙ ൅ ܽߚߙ ൅ ܽߙߚ ൅ ଶܾߚ ൌ ܾሺߙଶ ൅ ଶሻߚ ൅ ܽߚߙ2 ൌ 0. 

Consequently, the problem (4.5) - (4.6) is Volterra, i.е. does not have eigenvalues on all complex 
plane, thus the problem (1.1) - (1.2) also does not have nonzero eigenvalues. 

Remark 2.1. 
Other proof of sufficiency. 
If ߙଶ െ ଶߚ ് 0 and ܽଶ െ ܾଶ ് 0, then our boundary value problem is equivalent to the generalized 

Cauchy problem 

  ൜
ሻݔᇱሺݖ ൌ ଶߙሺߣ െ ,ሻݔሺݖଶሻܳିଵܲିଵܳିଵߚ

ሺ0ሻݖ ൌ 0;
  (2.7), (2.8) 

where 
ሻݔሺݑܲ ൌ ሻݔሺݑܽ ൅ ሺ1ݑܾ െ ሻݔ ൌ ሺܽܫ ൅ ܾܵሻݑሺݔሻ, 

ሻݔሺݑܳ ൌ ሻݔሺݑߙ ൅ ሺ1ݑߚ െ ሻݔ ൌ ሺܫߙ ൅  ,ሻݔሺݑሻܵߚ

ܳିଵ ൌ
ܫߙ െ ܵߚ
ଶߙ െ ଶߚ

, ܲିଵ ൌ
ܫܽ െ ܾܵ
ܽଶ െ ܾଶ

,	 

ܲିଵܳିଵ ൌ
ܫܽ െ ܾܵ
ܽଶ െ ܾଶ

∙
ܫߙ െ ܵߚ
ଶߙ െ ଶߚ

ൌ
ܫߙܽ െ ܵߚܽ െ ܵߙܾ ൅ ܵߚܾ
ሺܽଶ െ ܾଶሻሺߙଶ െ ଶሻߚ

ൌ 

ൌ
ܫߙܽ െ ሺܽߚ ൅ ሻܵߙܾ ൅ ܵߚܾ
ሺܽଶ െ ܾଶሻሺߙଶ െ ଶሻߚ

ൌ
ሺܽߙ ൅ ܫሻߚܾ െ ሺܽߚ ൅ ሻܵߙܾ

ሺܽଶ െ ܾଶሻሺߙଶ െ ଶሻߚ
; 

ܳିଵܲିଵܳିଵ ൌ
ܫߙ െ ܵߚ
ଶߙ െ ଶߚ

∙
ሺܽߙ ൅ ܫሻߚܾ െ ሺܽߚ ൅ ሻܵߙܾ

ሺܽଶ െ ܾଶሻሺߙଶ െ ଶሻߚ
ൌ 

ൌ
	ሺܽߙ ൅ ܾ	�ሻܫ ൅ ߚሺܽߚ ൅ ܫሻߙܾ െ ߚሺܽߙ ൅ ሻܵߙܾ െ ߙሺܽߚ ൅ ሻܵߚܾ

ሺܽଶ െ ܾଶሻሺߙଶ െ ଶሻଶߚ
ൌ 

ൌ
ሺߙଶܽ ൅ ܾߚߙ ൅ ଶܽߚ ൅ ܫሻܾߚߙ െ ሺܽߚߙ ൅ ଶܾߙ ൅ ܽߙߚ ൅ ଶܾሻܵߚ

ሺܽଶ െ ܾଶሻሺߙଶ െ ଶሻଶߚ
ൌ 

ൌ
ሾܽሺߙଶ ൅ ଶሻߚ ൅ ܫሿܾߚߙ2 െ ሾܾሺߙଶ ൅ ଶሻߚ ൅ ሿܵܽߚߙ2

ሺܽଶ െ ܾଶሻሺߙଶ െ ଶሻଶߚ
. 
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Consequently, Cauchy problem (2.7) - (2.8) takes the following form 

ቐݖ
ᇱሺݔሻ ൌ ߣ

ሾܽሺߙଶ ൅ ଶሻߚ ൅ ሿܾߚߙ2
ሺܽଶ െ ܾଶሻሺߙଶ െ ଶሻߚ

,ሻݔሺݖ

ሺ0ሻݖ ൌ 0;
 

It is obvious that this Cauchy problem has only trivial solution at any value of ߣ. 
Remark 2.2. This proof prompted us that ߙଶ െ ଶߚ ് 0. The fact is that we did not check the 

conditions 
1) ሺܽଶ െ ܾଶሻሺߙ ൅ ሻߚ ് 0, 
2) ܾሺߙଶ ൅ ଶሻߚ ൅ ܽߚߙ2 ൌ 0  
on compatibility. 
From the second condition when ߚ ൌ  we have ,ߙ

ܾ ∙ ଶߙ2 ൅ ଶߙ2 ∙ ܽ ൌ 0, ଶሺܾߙ2 ൅ ܽሻ ൌ 0. 
If ߙ ൌ 0, then ߚ ൌ 0, which is not acceptable therefore ܾ ൅ ܽ ൌ 0, and this contradicts the first 

condition, therefore в ് ߚ or ߙ െ ߙ ് 0. And the final look of the Volterra is 
1) ሺܽଶ െ ܾଶሻሺߙଶ െ ଶሻߚ ് 0, 
2) ܾሺߙଶ ൅ ଶሻߚ ൅ ܽߚߙ2 ൌ 0.  
 
2.4. On basis property. 
Lemma 2.5. If  
а) ሺܽଶ െ ܾଶሻሺߙଶ െ ଶሻߚ ് 0, 
б) function ݕሺݔ, േߣሻ is eigenfunction for the boundary value problem 
  

ሻݔᇱሺݕܽ  ൅ ᇱሺ1ݕܾ െ ሻݔ ൌ േݕߣሺݔሻ, ݔ ∈ ሺ0,1ሻ,  (2.9) 
  

ሺ0ሻݕߙ  ൅ ሺ1ሻݕߚ ൌ 0,  (2.10) 
where |ߙ| ൅ |ߚ| ് 0, then it is eigenfunction for the Sturm - Liouville boundary value problem  
  

ሻݔᇱᇱሺݕ  ൌ ,ሻݔሺݕଶߤ ݔ ∈ ሺ0,1ሻ,  (2.11) 
  

 ൜
ሺ0ሻݕߙ ൅ ሺ1ሻݕߚ ൌ 0,

ሺܽߙ ൅ ᇱሺ0ሻݕሻߚܾ ൅ ሺܽߚ ൅ ᇱሺ1ሻݕሻߙܾ ൌ 0,
  (2.12) 

where 
  

ଶߤ  ൌ
ఒమ

௕మି௔మ
.  (2.13) 

 Inversely, if the quantity ߤଶ ൌ
ఒమ

௕మି௔మ
 is eigenvalue of the Sturm - Liouville boundary value problem  

  
ሻݔᇱᇱሺݕ  ൌ ,ሻݔሺݕଶߤ ݔ ∈ ሺ0,1ሻ,  (2.11) 

  

 ൜
ሺ0ሻݕߙ ൅ ሺ1ሻݕߚ ൌ 0,

ሺܽߙ ൅ ᇱሺ0ሻݕሻߚܾ ൅ ሺܽߚ ൅ ᇱሺ1ሻݕሻߙܾ ൌ 0,
  (2.12) 

Then the function ݕሺݔሻ is eigenfunction for the boundary value problem  
  

ሻݔᇱሺݕܽ  ൅ ᇱሺ1ݕܾ െ ሻݔ ൌ േݕߣሺݔሻ,	 (2.9) 
  

ሺ0ሻݕߙ  ൅ ሺ1ሻݕߚ ൌ 0,  (2.10) 

Proof. Suppose that (2.9) - (2.10) holds. Then, assuming  

ሻݔሺݑܶ ൌ ሻݔሺݑܽ ൅ ሺ1ݑܾ െ ሻݔ ൌ ሺܽܫ ൅ ܾܵሻݑሺݔሻ, 
ሻݔሺݑܵ ൌ ሺ1ݑ െ  ሻݔ
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we have 
ሻݔᇱሺݕܶ ൌ േݕߣሺݔሻ, 

ሻݔᇱሺݕ ൌ േିܶߣଵݕሺݔሻ ൌ േߣ
ܫܽ െ ܾܵ
ܽଶ െ ܾଶ

 ,ሻݔሺݕ

ሻݔᇱᇱሺݕ ൌ േߣ
ሻݔᇱሺݕܽ ൅ ᇱሺ1ݕܾ െ ሻݔ

ܽଶ െ ܾଶ
ൌ േߣ

ܫܽ ൅ ܾܵ
ܽଶ െ ܾଶ

ሻݔᇱሺݕ ൌ 

ൌ
േߣ

ܽଶ െ ܾଶ
ሻݔᇱሺݕܶ ൌ

ଶߣ

ܽଶ െ ܾଶ
 ,ሻݔሺݕ

consequently,  

െݕᇱᇱሺݔሻ ൌ
ଶߣ

ܾଶ െ ܽଶ
 .ሻݔሺݕ

Further, from the equation (2.9) due to the boundary condition (2.10), we obtain 

ᇱሺ0ሻݕሾܽߙ ൅ ᇱሺ1ሻሿݕܾ ൅ ᇱሺ1ሻݕሾܽߚ ൅ ᇱሺ0ሻሿݕܾ ൌ േߣሾݕߙሺ0ሻ ൅ ሺ1ሻሿݕߚ ൌ 0. 

Therefore, the second boundary condition has the form 

ሺܽߙ ൅ ᇱሺ0ሻݕሻߚܾ ൅ ሺܽߚ ൅ ᇱሺ1ሻݕሻߙܾ ൌ 0. 

 Inversely, let function ݕሺݔ,   ሻ be a eigenfunction of the Sturm – Liouville boundary value problemߤ

  
ሻݔᇱᇱሺݕ  ൌ ,ሻݔሺݕଶߤ ݔ ∈ ሺ0,1ሻ,  (2.11) 

  

 ൜
ሺ0ሻݕߙ ൅ ሺ1ሻݕߚ ൌ 0,

ሺܽߙ ൅ ᇱሺ0ሻݕሻߚܾ ൅ ሺܽߚ ൅ ᇱሺ1ሻݕሻߙܾ ൌ 0,
  (2.12) 

where 
  

ଶߤ  ൌ
ఒమ

௕మି௔మ
.  (2.13) 

We find a eigenfunction, corresponding to the eigenvalue ߤଶ. 
General solution of the equation (2.11) has the form 

,ݔሺݕ ሻߤ ൌ ௜ఓ௫݁ܣ ൅  ,௜ఓ௫ି݁ܤ

where ܣ,  are arbitrary constants. Putting this expansion into the boundary condition (2.12), we ܤ
receive a system of homogeneous equations for unknowns ܣ,  .ܤ

,	ߙ ሺ0ሻ ൅ ሺ1ሻݕߚ ൌ ܣሺߙ ൅ ሻ	ܤ ൅ ௜ఓ݁ܣ൫ߚ ൅ ௜ఓ൯ି݁ܤ ൌ 

ൌ ߙ൫ܣ ൅ ௜ఓ൯݁ߚ ൅ ߙ൫ܤ ൅ ௜ఓ൯ି݁ߚ ൌ 0; 

,ݔᇱሺݕ ሻߤ ൌ ௜ఓ௫݁ܣ൫ߤ݅ െ ,௜ఓ௫൯ି݁ܤ ᇱሺ0ሻݕ ൌ ܣሺߤ݅ െ  	,ሻܤ

ᇱሺ1ሻݕ ൌ ௜ఓ݁ܣ൫ߤ݅ െ  ,௜ఓ൯ି݁ܤ

ሺܽߙ ൅ ܣሺߤሻ݅ߚܾ െ ሻܤ ൅ ሺܽߚ ൅ ௜ఓ݁ܣ൫ߤሻ݅ߙܾ െ ௜ఓ൯ି݁ܤ ൌ 0, ߤ݅ ് 0; 

ሺܣ െ ߙሻሺܽܤ ൅ ሻߚܾ ൅ ሺܽߚ ൅ ௜ఓ݁ܣሻ൫ߙܾ െ ௜ఓ൯ି݁ܤ ൌ 0, 

ߙܽൣܣ ൅ ߚܾ ൅ ሺܽߚ ൅ ሻ݁௜ఓ൧ߙܾ ൅ ߙെܽൣܤ െ ߚܾ െ ሺܽߚ ൅ ሻ݁ି௜ఓ൧ߙܾ ൌ 0, 

ቊ
ߙ൫ܣ ൅ ௜ఓ൯݁ߚ ൅ ߙ൫ܤ ൅ ௜ఓ൯ି݁ߚ ൌ 0,

ߙܽൣܣ ൅ ߚܾ ൅ ሺܽߚ ൅ ሻ݁௜ఓ൧ߙܾ ൅ ߙെܽൣܤ െ ߚܾ െ ሺܽߚ ൅ ሻ݁ି௜ఓ൧ߙܾ ൌ 0.
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We calculate determinant of this system of equations  

∆ሺߤሻ ൌ ቤ
ߙ ൅ ௜ఓ݁ߚ ߙ ൅ ௜ఓି݁ߚ

ߙܽ ൅ ߚܾ ൅ ሺܽߚ ൅ ሻ݁௜ఓߙܾ െܽߙ െ ߚܾ െ ሺܽߚ ൅ ሻ݁ି௜ఓߙܾ
ቤ ൌ 

ൌ െ൫ߙ ൅ ߙ௜ఓ൯ൣܽ݁ߚ ൅ ߚܾ ൅ ሺܽߚ ൅ ሻ݁ି௜ఓ൧ߙܾ െ 

 െ൫ߙ ൅ ߙ௜ఓ൯ൣܽି݁ߚ ൅ ߚܾ ൅ ሺܽߚ ൅ ሻ݁௜ఓ൧ߙܾ ൌ 0.	(2.14) 

Transforming this expression, we get 

∆ሺߤሻ ൌ െൣߙሺܽߙ ൅ ሻߚܾ ൅ ߚሺܽߙ ൅ ሻ݁ି௜ఓߙܾ ൅ ߙሺܽߚ ൅ ሻ݁௜ఓߚܾ ൅ ߚ盌	ሺߚ ൅ ሻߙܾ ൅ 

൅ߙሺܽߙ ൅ ሻߚܾ ൅ ߚሺܽߙ ൅ ሻ݁௜ఓߙܾ ൅ ߙሺܽߚ ൅ ሻ݁ି௜ఓߚܾ ൅ ߚሺܽߚ ൅ ሻ൧ߙܾ ൌ 

ൌ െሼ2ߙሺܽߙ ൅ ሻߚܾ ൅ ߚሺܽߚ2 ൅ ሻߙܾ ൅ ሾߙሺܽߚ ൅ ሻߙܾ ൅ ߙሺܽߚ ൅ ሻሿ݁ି௜ఓߚܾ ൅ 

൅ሾߙሺܽߚ ൅ ሻߙܾ ൅ ߙሺܽߚ ൅ ሻሿ݁௜ఓൟߚܾ ൌ 

ൌ െሼ2ߙଶܽ ൅ ܾߚߙ2 ൅ ଶܽߚ2 ൅ ܾߚߙ2 ൅ 

൅ሾߙሺܽߚ ൅ ሻߙܾ ൅ ߙሺܽߚ ൅ ሻሿ൫݁௜ఓߚܾ ൅ ݁ି௜ఓ൯ൟ ൌ 

ൌ െ2ሾሺߙଶ ൅ ଶሻܽߚ ൅ ܾߚߙ2 ൅ ሺܽߚߙ ൅ ଶߙܾ ൅ ܽߙߚ ൅ ଶሻߚܾ cos ሿߤ ൌ 

ൌ െ2ሼܽሺߙଶ ൅ ଶሻߚ ൅ ܾߚߙ2 ൅ ሾܾሺߙଶ ൅ ଶሻߚ ൅ ሿܽߚߙ2 cos  .ሽߤ
Remark 2.3. If  

1) ܾሺߙଶ ൅ ଶሻߚ ൅ ܽߚߙ2 ൌ 0; 
2) ܽሺߙଶ ൅ ଶሻߚ ൅ ܾߚߙ2 ് 0  

then ∆ሺߤሻ ് 0, i.е. the problem is Volterra. 

In this case: 
2ሻ െ 1ሻ ൌ ሺбଶ ൅ ଶሻሺܽߚ െ ܾሻ ൅ ሺܾߚߙ2 െ ܽሻ ൌ ሺܽ െ ܾሻሺߙ െ ሻଶߚ ് 0, 

2ሻ ൅ 1ሻ ൌ ሺߙଶ ൅ ଶሻሺܽߚ ൅ ܾሻ ൅ ሺܾߚߙ2 ൅ ܽሻ ൌ ሺܽ ൅ ܾሻሺߙ ൅ ሻଶߚ ് 0. 

Therefore, ሺܽଶ െ ܾଶሻሺߙଶ െ ଶሻଶߚ ് 0, that coincides with the first condition of Volterra property, see 
(2.2). 

Supposing ܾሺбଶ ൅ ଶሻߚ ൅ ܽߚߙ2 ് 0, from the equation ∆ሺߤሻ ൌ 0 we have 

cos ߤ ൌ െ
ܽሺߙଶ ൅ ଶሻߚ ൅ ܾߚߙ2
ܾሺߙଶ ൅ ଶሻߚ ൅ ܽߚߙ2

, 

ߤ ൌ േܽݏ݋ܿܿݎ ቈെ
ܽሺߙଶ ൅ ଶሻߚ ൅ ܾߚߙ2
ܾሺߙଶ ൅ ଶሻߚ ൅ ܽߚߙ2

቉ ൅ ,ߨ2݊ ݊ ൌ 0,േ1,േ2,… 

We investigate multiplicity of eigenvalues 

∆ሶ ሺߤሻ ൌ 2ሾܾሺߙଶ ൅ ଶሻߚ ൅ ሿܽߚߙ2 sin  .ߤ

If ∆ሶ ሺߤሻ ൌ 0, then sin ߤ ൌ 0, cos ߤ ൌ േ1. Thus  

െ
ܽሺߙଶ ൅ ଶሻߚ ൅ ܾߚߙ2
ܾሺߙଶ ൅ ଶሻߚ ൅ ܽߚߙ2

ൌ േ1. 

а) If  
ܽሺߙଶ ൅ ଶሻߚ ൅ ܾߚߙ2 ൌ ܾሺߙଶ ൅ ଶሻߚ ൅   then , ܽߚߙ2

ሺܽ െ ܾሻሺߙଶ ൅ ଶሻߚ ൅ ሺܾߚߙ2 െ ܽሻ ൌ ሺܽ െ ܾሻሺߙଶ ൅ ଶߚ െ ሻߚߙ2 ൌ 

ൌ ሺܽ െ ܾሻሺߙ െ ሻଶߚ ൌ 0; 
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б) If  
ܽሺߙଶ ൅ ଶሻߚ ൅ ܾߚߙ2 ൌ െܾሺߙଶ ൅ ଶሻߚ െ  ,ܽߚߙ2

ሺߙଶ ൅ ଶሻሺܽߚ ൅ ܾሻ ൅ ሺܾߚߙ2 ൅ ܽሻ ൌ ሺܽ ൅ ܾሻሺߙଶ ൅ ଶߚ ൅ ሻߚߙ2 ൌ 

ൌ ሺܽ ൅ ܾሻሺߙ ൅ ሻଶߚ ൌ 0. 

In oue case, ሺܽଶ െ ܾଶሻሺߙଶ െ ଶሻߚ ് 0, therefore ∆ሶ ሺߤሻ ് 0 and the Sturm - Liouville problem does not 
have associated functions. 

Supposing,  
ܣ ൌ ߙ൫ܭ ൅ ,௜ఓ൯ି݁ߚ ܤ ൌ ൫െߙ െ  ,ܭ௜ఓ൯݁ߚ

where ܭ is arbitrary constant, we obtain (find) eigenfunctions of the Sturm – Liouville boundary value 
problem  

,ݔሺݕ ሻߤ ൌ ߙ൫ܭ ൅ ௜ఓ൯݁௜ఓ௫ି݁ߚ െ ߙ൫ܭ ൅  .௜ఓ൯݁ି௜ఓ௫݁ߚ
Then 

,ݔᇱሺݕ ሻߤ ൌ ߙ൫ߤ݅ൣܭ ൅ ௜ఓ൯݁௜ఓ௫ି݁ߚ ൅ ߙ൫ߤ݅ ൅  ,௜ఓ൯݁ି௜ఓ௫൧݁ߚ

ᇱሺ1ݕ െ ,ݔ ሻߤ ൌ ߙ൫ߤ݅ൣܭ ൅ ௜ఓ൯݁௜ఓሺଵି௫ሻି݁ߚ ൅ ߙ൫ߤ݅ ൅ ௜ఓ൯݁ି௜мሺଵି௫ሻ൧݁ߚ ൌ 

ൌ ௜ఓ݁ߙ൫ߤ݅ൣܭ ൅ ൯݁ି௜ఓ௫ߚ ൅ ௜ఓି݁ߙ൫ߤ݅ ൅  ;൯݁௜ఓ௫൧ߚ

ᇱݕܽ ൅ ᇱሺ1ݕܾ െ ሻݔ ൌ ߙ൛ൣܽ൫ܭߤ݅ ൅ ௜ఓ൯ି݁ߚ ൅ ܾ൫ି݁ߙ௜ఓ ൅ ൯൧݁௜ఓ௫ߚ ൅ 

൅ൣܽ൫ߙ ൅ ௜ఓ൯݁ߚ ൅ ܾ൫݁ߙ௜ఓ ൅  .൯൧݁ି௜ఓ௫ൟߚ

Further, from the equality ∆ሺмሻ ൌ 0 it follows that rows of this determinant (2.14) are linear 
dependent, therefore we have  

ߙܽ ൅ ௜ఓି݁ߚܽ ൅ ௜ఓି݁ߙܾ ൅ ߚܾ ൌ 

  ൌ ߙܽ ൅ ߚܾ ൅ ሺܽߚ ൅ ሻ݁ି௜ఓߙܾ ൌ െܥ൫ߙ ൅  ௜ఓ൯,  (2.15)ି݁ߚ

ߙܽ ൅ ௜ఓ݁ߚܽ ൅ ௜ఓ݁ߙܾ ൅ ߚܾ ൌ 

  ൌ ߙܽ ൅ ߚܾ ൅ ሺܽв ൅ ሻ݁௜ఓߙܾ ൌ ߙ൫ܥ ൅  ௜ఓ൯,  (2.16)݁ߚ

Consequently, 

ᇱݕܽ ൅ ᇱሺ1ݕܾ െ ሻݔ ൌ ܭߤ݅ ∙ ߙെ൫ൣܥ ൅ ௜ఓ൯݁௜ఓ௫ି݁ߚ ൅ ൫ߙ ൅ ௜ఓ൯݁ି௜ఓ௫൧݁ߚ ൌ 

ൌ ܭߤ݅ ∙ ߙ൫ൣܥ ൅ ௜ఓ൯݁௜ఓ௫ି݁ߚ െ ൫ߙ ൅ ௜ఓ൯݁ି௜ఓ௫൧݁ߚ ൌ 

  ൌ െ݅ߤ ∙ ,ݔሺݕܥ ሻߤ ൌ െ
ఒ

√௔మି௕మ
,ݔሺݕܥ  ሻ.  (2.17)ߤ

Calculate the constant ܥ. If we sum up formulas (2.15) and (2.16), then we get 

2ሺܽߙ ൅ ሻߚܾ ൅ ሺܽߚ ൅ ሻ൫݁௜ఓߙܾ ൅ ݁ି௜ఓ൯ ൌ ൫݁௜ఓܥ െ ݁ି௜ఓ൯ ∙ ,ߚ ൌ൐ 

ߙܽ ൅ ߚܾ ൅ ሺܽߚ ൅ ሻߙܾ cos ߤ ൌ ܥ ∙ ݅ߚ sin  .ߤ

Subtracting the formula (2.15) from (2.16), we have 

ሺܽߚ ൅ ሻ൫݁௜ఓߙܾ െ ݁ି௜ఓ൯ ൌ ߙ2ൣܥ ൅ ൫݁௜ఓߚ ൅ ݁ି௜ఓ൯൧, ൌ൐ 

݅ሺܽߚ ൅ ሻߙܾ sin ߤ ൌ ߙሾܥ ൅ ߚ cos  ;ሿߤ
Consequently, 

ܥ ൌ
݅ሺܽߚ ൅ ሻߙܾ sin ߤ
ߙ ൅ ߚ cos ߤ

ൌ
ߙܽ ൅ ߚܾ ൅ ሺܽߚ ൅ ሻߙܾ cos ߤ

ߚ݅ sin ߤ
; 

In our situation  

cos ߤ ൌ െ
ܽሺߙଶ ൅ ଶሻߚ ൅ ܾߚߙ2
ܾሺߙଶ ൅ ଶሻߚ ൅ ܽߚߙ2

, 
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Thus 

ߙ ൅ ߚ cos ߤ ൌ ߙ െ
ଶߙሺߚܽ ൅ ଶሻߚ ൅ ଶܾߚߙ2
ܾሺߙଶ ൅ ଶሻߚ ൅ ܽߚߙ2

ൌ 

ൌ
ଶߙሺܾߙ ൅ ଶሻߚ ൅ ܽߚଶߙ2 െ ଶߙሺߚܽ ൅ ଶሻߚ െ ଶܾߚߙ2

ܾሺߙଶ ൅ ଶሻߚ ൅ ܽߚߙ2
ൌ 

ൌ
ሺߙଶ ൅ ܾߙଶሻሺߚ െ ሻߚܽ ൅ ܽߙሺߚߙ2 െ ሻܾߚ

ܾሺߙଶ ൅ ଶሻߚ ൅ ܽߚߙ2
ൌ 

ൌ
ܾሾߙሺߙଶ ൅ ଶሻߚ െ ଶሿߚߙ2 ൅ ܽሾെߚሺߙଶ ൅ ଶሻߚ ൅ ሿߚଶߙ2

ܾሺߙଶ ൅ ଶሻߚ ൅ ܽߚߙ2
ൌ 

ൌ
ଶߙሺߙܾ െ ଶሻߚ ൅ ଶߙሺߚܽ െ ଶሻߚ

ܾሺߙଶ ൅ ଶሻߚ ൅ ܽߚߙ2
ൌ
ሺߙଶ െ ߙଶሻሺܾߚ ൅ ሻߚܽ

ܾሺߙଶ ൅ ଶሻߚ ൅ ܽߚߙ2
; 

sin ߤ ൌ േඨ1 െ
ሾܽሺߙଶ ൅ ଶሻߚ ൅ ሿଶܾߚߙ2

ሾܾሺߙଶ ൅ ଶሻߚ ൅ ሿଶܽߚߙ2
ൌ
േ√ܾଶ െ ܽଶሺߙଶ െ ଶሻߚ

ܾሺߙଶ ൅ ଶሻߚ ൅ ܽߚߙ2
; 

ܥ ൌ
േ݅ሺܽߚ ൅ ሻ√ܾଶߙܾ െ ܽଶሺߙଶ െ ଶሻߚ

ܾሺߙଶ ൅ ଶሻߚ ൅ ܽߚߙ2
:
ሺбଶ െ ߙଶሻሺܾߚ ൅ ሻߚܽ

ܾሺߙଶ ൅ ଶሻߚ ൅ ܽߚߙ2
ൌ 

ൌ േ݅ඥܾଶ െ ܽଶ ൌ േඥܽଶ െ ܾଶ. 

Putting this expression into the formula (2.17), we have 

ሻݔᇱሺݕܽ ൅ ᇱሺ1ݕܾ െ ሻݔ ൌ ,ݔሺݕߣ∓  ,ሻߤ
which was required to prove.  

  
Problem. Prove that the system of eigenfunctions of the Sturm - Liouville boundary value problem is 

basis 
  

 െݕᇱᇱሺݔሻ ൌ ,ሻݔሺݕଶߤ ݔ ∈ ሺ0,1ሻ,  (2.11) 
  

 ൜
ሺ0ሻݕߙ ൅ ሺ1ሻݕߚ ൌ 0,

ሺܽߙ ൅ ᇱሺ0ሻݕሻߚܾ ൅ ሺܽߚ ൅ ᇱሺ1ሻݕሻߙܾ ൌ 0,
  (2.12) 

where ሺߙଶ െ ଶሻሺܽଶߚ െ ܾଶሻ ് 0, by the Kesselman - Mikhailov Test [57-58]. 

Solution. Boundary matrix of the boundary value problem (2.11) - (2.12) has the form  

൬
ߙ 0 ߚ 0
0 ܽߙ ൅ ߚܾ 0 ߚܽ ൅  .൰ߙܾ

We calculate minors of this matrix 

∆ଵଶൌ ܽߙሺߙ ൅ ,ሻߚܾ ∆ଵଷൌ 0, ∆ଵସൌ ߚሺܽߙ ൅  	,ሻߙܾ

∆ଶଷൌ െߚሺܽߙ ൅ ,ሻܾߚ ∆ଶସൌ 0, ∆ଷସൌ ߚሺܽߚ ൅  ;ሻߙܾ

Hence, 

∆ଵସ ൅ ∆ଷଶൌ ߚሺܽߙ ൅ ሻߙܾ ൅ ܽߙሺߚ ൅ ሻܾߚ ൌ 

ൌ ܾሺߙଶ ൅ ଶሻߚ ൅ ܽߚߙ2 ് 0, 

otherwise the problem is Volterra. 

First we check the Birkhoff regularity condition [54]; for this, we rearrange rows of the boundary 
matrix 
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൮

ܽ଴ ܽଵ ܾ଴ ܾଵ
0 ܽߙ ൅ ߚܾ 0 ߚܽ ൅ ߙܾ
ߙ
ܿ଴

0
ܿଵ

ߚ
݀଴

0
݀ଵ

൲ 

1) ܽଵ݀ଵ െ ܾଵܿଵ ൌ 0, 
2) ܽଵ݀ଵ െ ܾଵܿଵ ൌ 0, |ܽଵ| ൅ |ܾଵ| ൌ ܽߙ| ൅ |ߚܾ ൅ ߚܽ| ൅ |ߙܾ ൐ 0, 

ܾଵܿ଴ ൅ ܽଵ݀଴ ൌ ሺܽвߙ ൅ ሻߙܾ ൅ ܽߙሺߚ ൅ ሻܾߚ ൌ ܾሺߙଶ ൅ ଶሻߚ ൅ ܽߚߙ2 ് 0, 

3) ܽଵ ൌ ܾଵ ൌ ܿଵ ൌ ݀ଵ ൌ 0, ܽ଴݀଴ െ ܾ଴ܿ଴ ് 0. 

It is obvious that in our case conditions 1) and 3) coincide, only condition 2) remains. 

If |ܽଵ| ൅ |ܾଵ| ൌ 0, then ܽଵ ൌ 0 and ܾଵ ൌ 0. Then we get  

൜
ܽߙ ൅ ߚܾ ൌ 0,
ߚܽ ൅ ߙܾ ൌ 0. 

Since |ܽ| ൅ |ܾ| ് 0, then ߙଶ െ ଶߚ ൌ 0; similarly from the condition |ߙ| ൅ |ߚ| ് 0 we have that 
ܽଶ െ ܾଶ ൌ 0, which is not possible by our condition. Consequently, our boundary value problems (2.12) 
are regular by the second part of the Birkhoff condition [56].  

The Kesselman condition [57] is 

∆ଵସ
ଶ ൅ ∆ଷଶ

ଶ െ ∆ଵଶ
ଶ െ ∆ଷସ

ଶ ് 0. 

In our case, 

∆ଵସ
ଶ ൅ ∆ଷଶ

ଶ ൌ ߚଶሺܽߙ ൅ ሻଶߙܾ ൅ ܽߙଶሺߚ ൅ вܾሻଶ, 

∆ଵଶ
ଶ ൌ ܽߙଶሺߙ ൅ ,ሻଶܾߚ ∆ଷସ

ଶ ൌ ߚଶሺܽߚ ൅  ሻଶ,ൌ൐ߙܾ

∆ଵସ
ଶ ൅ ∆ଷଶ

ଶ െ ∆ଵଶ
ଶ െ ∆ଷସ

ଶ ൌ ሺߙଶ െ ߚଶሻሺܽߚ ൅ ሻଶߙܾ ൅ ሺߚଶ െ ܽߙଶሺߙ ൅ ሻଶሻܾߚ ൌ 

ൌ ሺߙଶ െ ߚଶሻሾሺܽߚ ൅ ሻଶߙܾ െ ሺܽߙ ൅ ሻଶሿܾߚ ൌ 

ൌ ሺߙଶ െ ߚଶሻሾሺܽߚ ൅ ߙܾ െ ܽߙ െ ߚሻሺܾܽߚ ൅ ߙܾ ൅ ܽߙ ൅ ሻሿܾߚ ൌ 

ൌ ሺߙଶ െ ߚଶሻሾܽሺߚ െ ሻߙ ൅ ܾሺߙ െ ሻሿሾбሺܽߚ ൅ ܾሻ ൅ ሺܽߚ ൅ ܾሻሿ ൌ 

ൌ ሺߙଶ െ ߙଶሻሺߚ െ ሻሺܾߚ െ ܽሻሺܽ ൅ ܾሻሺߙ ൅ ሻߚ ൌ 

ൌ ሺߙଶ െ ଶߙଶሻሺߚ െ ଶሻሺܾଶߚ െ ܽଶሻ ൌ ሺߙଶ െ ଶሻଶሺܾଶߚ െ ܽଶሻ ് 0. 

Consequently, the eigenfunctions of the Sturm – Liouville boundary value problem (2.11) - (2.12) 
form a Riesz basis in the space ܮଶሺ0,1ሻ. 

Theorem 2.2.If  

а) ሺߙଶ െ ଶሻሺܽଶߚ െ ܾଶሻ ് 0, 

b) ܾሺߙଶ ൅ ଶሻߚ ൅ ܽߚߙ2 ് 0, 

then eigenfunctions of the bpundary value probelm  

ሻݔᇱሺݕܽ  ൅ ᇱሺ1ݕܾ െ ሻݔ ൌ ,ሻݔሺݕߣ ݔ ∈ ሺ0,1ሻ,  (1.1) 

ሺ0ሻݕߙ  ൅ ሺ1ሻݕߚ ൌ 0,  (1.2) 

form a Riesz basis in the space ܮଶሺ0,1ሻ. 

Remark 2.5.  

If ܽ ൌ 0, ܾ ൌ 1, then the boundary value problem (1.1)-(1.2) takes the form  

ᇱሺ1ݕ െ ሻݔ ൌ ,ሻݔሺݕߣ ݔ ∈ ሺ0,1ሻ, 
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ሺ0ሻݕߙ ൅ ሺ1ሻݕߚ ൌ 0. 

Thus the conditions а) and b) of Theorem 2.2. are transformed as follows: 

 а)/ ߙଶ െ ଶߚ ് 0, 

 b)/ ߙଶ ൅ ଶߚ ് 0 

or ሺߙଶ െ ଶߙଶሻሺߚ ൅ ଶሻߚ ് 0 , or ߙସ െ ସߚ ് 0, that coincides with the results of [28]. 

3. Research Results 
We consider in the space ܮଶሺ0,1ሻ the following boundary value problem 

ݕܮ  ൌ ሻݔᇱሺݕܽ ൅ ᇱሺ1ݕܾ െ ሻݔ ൌ ,ሻݔሺݕߣ ݔ ∈ ሺ0,1ሻ,  (1.1) 

ሺ0ሻݕߙ  ൅ ሺ1ሻݕߚ ൌ 0,  (1.2) 

where ܽ, ܾ, ,ߙ  ሻ is a desiredݔሺݕ ,is a spectral parameter ߣ are arbitrary, previously known constants, and ߚ
function from the class ܥଵሺ0,1ሻ ∩  .ሾ0,1ሿ, and we formulate the obtained resultsܥ

Theorem 3.1. The boundary value problem (1.1) - (1.2) is Volterra if and only if  

1) ሺܽଶ െ ܾଶሻሺߙଶ െ ଶሻߚ ് 0; (2.2) 
2) ܾሺߙଶ ൅ ଶሻߚ ൅ ܽߚߙ2 ൌ 0. (2.3) 

Theorem 3.2.If  

а) ሺߙଶ െ ଶሻሺܽଶߚ െ ܾଶሻ ് 0, 
б) ܾሺߙଶ ൅ ଶሻߚ ൅ ܽߚߙ2 ് 0; 

then eigenfunctions of the boundary value problem  

ሻݔᇱሺݕܽ  ൅ ᇱሺ1ݕܾ െ ሻݔ ൌ ,ሻݔሺݕߣ ݔ ∈ ሺ0,1ሻ,  (1.1) 

ሺ0ሻݕߙ  ൅ ሺ1ሻݕߚ ൌ 0,  (1.2) 

form a Riesz basis in the space ܮଶሺ0,1ሻ. 

4. Discussion of Results. 

Remark 4.1. If 

൜
ܾሺߙଶ ൅ ଶሻߚ ൅ ܽߚߙ2 ൌ 0,
ߚߙ2ܾ ൅ ሺߙଶ ൅ ଶሻܽߚ ൌ 0,

 

then ሺߙଶ ൅ ଶሻଶߚ െ ଶߚଶߙ4 ൌ 0, i.е.  

ሺߙଶ ൅ ଶሻଶߚ െ ଶߚଶߙ4 ൌ ሺߙଶ ൅ ଶߚ െ ଶߙሻሺߚߙ2 ൅ ଶߚ ൅ ሻߚߙ2 ൌ ሺߙ െ ߙሻଶሺߚ ൅  ሻଶߚ

ൌ ሺߙଶ െ ଶሻଶߚ ൌ 0. 

Remark 4.2.  
а) If ܥ ൌ െ√ܽଶ െ ܾଶ., then from the formula (2.15) we have 

ߙܽ ൅ ߚܾ ൅ ሺܽߚ ൅ ሻ݁ି௜ఓߙܾ ൌ ඥܽଶ െ ܾଶ. ൫ߙ ൅  ,௜ఓ൯ି݁ߚ

ߙܽ ൅ ߚܾ ൅ ሺܽߚ ൅ ሻ݁ି௜ఓߙܾ ൌ ඥܽଶߚ െ ܾଶ݁ି௜ఓ ൅ ඥܽଶߙ െ ܾଶ, 

ቀܽߚ ൅ ߙܾ െ ඥܽଶߚ െ ܾଶቁ ݁ି௜ఓ ൌ ඥܽଶߙ െ ܾଶ െ ߙܽ െ  ,ߚܾ

݁ି௜ఓ ൌ
б√ܽଶ െ ܾଶ െ ߙܽ െ ߚܾ

ߚܽ ൅ ߙܾ െ ଶܽ√ߚ െ ܾଶ
, 
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and from the formula (2.16) we have 

݁௜ఓ ൌ
െߙ√ܽଶ െ ܾଶ െ ߙܽ െ ߚܾ

ߚܽ ൅ ߙܾ ൅ ଶܽ√ߚ െ ܾଶ
, ൌ൐ 

consequently, ݁ି௜ఓ ∙ ݁௜ఓ ൌ 1. 

б) If ܥ ൌ √ܽଶ െ ܾଶ., then from the formula (2.15) we have 

ߙܽ ൅ ߚܾ ൅ ሺܽߚ ൅ ሻ݁ି௜ఓߙܾ ൌ െඥܽଶ െ ܾଶ. ൫ߙ ൅  ,௜ఓ൯ି݁ߚ

ߙܽ ൅ ߚܾ ൅ ሺܽߚ ൅ ሻ݁ି௜ఓߙܾ ൌ െߚඥܽଶ െ ܾଶ݁ି௜ఓ െ ඥܽଶߙ െ ܾଶ, 

ቀܽߚ ൅ ߙܾ ൅ ඥܽଶߚ െ ܾଶቁ ݁ି௜ఓ ൌ െߙඥܽଶ െ ܾଶ െ ߙܽ െ  ,ߚܾ

݁ି௜ఓ ൌ െ
ଶܽ√ߙ െ ܾଶ ൅ ߙܽ ൅ ߚܾ

ߚܽ ൅ ߙܾ ൅ ଶܽ√ߚ െ ܾଶ
. 

 
5. Findings. Operator corresponding to this boundary value problem is not semi-bounded; therefore, 

variational methods are not suitable to study such problems, and this is a distinctive feature of this 
problem. In our opinion, such operators can be used to construct non-local transformation operators, and 
apply them to study spectral properties of operator sheaves. 
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