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ON SPECTRAL PROPERTIES OF A BOUNDARY VALUE PROBLEM
OF THE FIRST ORDER EQUATION WITH DEVIATING ARGUMENT

Abstract. In this paper, we study spectral properties of a boundary value problem of a first order differential
equation with constant coefficients and deviating argument; the deviation is present at the highest term of the
equation, and it cannot be transferred to the lower terms of the equation without an additional condition. By spectral
properties, we mean completeness and basic properties of a system of eigenfunctions and associated functions of a
boundary value problem, as well as Volterra properties.

Keywords: equation with deviating argument, completeness, basic property, Volterra property, Gaal’s formula,
Lidsky’s theorem, Sturm — Liouville operator, Riesz basis.

1. Introduction. The first works on the theory of differential equations with involution are found in
the scientific literature of the nineteenth century. This is the extensive work of Babbage [1] from 1816.
The work consists of several parts. Algebraic and transcendental equations with involution, integral and
differential equations containing an involution are considered. At present, mathematicians from many
countries are studying differential equations with involution. The reference devoted to the study of
differential equations with involution is quite extensive. An extensive bibliography contains monographs
by D. Przevorska-Rolevicz [2], J. Wiener [3]. Jack K. Hale Sjoerd M. Verduyn Lunel [4].

Partial differential equations with involution arise in mathematical models of population dynamics,
ecology and physiology. A series of papers by S. Busenberg [6], J.M. Cushing [7-8] and others, devoted to
mathematical modeling in population theory (biology), suggest the need for deep research on the
analytical theory of differential equations with involution. In the work of J. Wiener [3, p. 264], attempts
were made to apply the method of variable separation to partial differential equations with involution. In
this case, solution is sought as a series in eigenfunctions. Conditions on existence of unbounded solutions
of the considered problems are obtained, as well as the condition for a series to diverge in terms of
eigenfunctions. Among the studies of recent years we can note the work of W.Watkins [9-10], which deals
with solvability of one-dimensional differential equations with involution, and A.P. Khromov and his
followers [11-12], which consider questions of solvability of integral and partial differential equations
with involution.

Method of variable separation for solving partial differential equations is based on the spectral theory
of one-dimensional differential operators. Spectral theory of self-adjoint and non-self-adjoint ordinary
differential operators, which originated in depths of the equations of mathematical physics and began with
classical works of Sturm, Liouville, Steklov and others, has received a fairly complete development over
the past century. Spectral theory of self-adjoint ordinary differential operators is almost complete. In the
field of spectral theory of non-self-adjoint ordinary differential operators, substantial results on
completeness and basicity of eigenfunctions and associated functions are obtained by M.V. Keldysh [13],
19
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V.A. II'in [14-19], M. Otelbaev [20], A.A. Shkalikov [21], Radzievsky [22] and many other
mathematicians.

Theory of basicity of systems of eigenfunctions and associated functions of non-self-adjoint ordinary
differential operators, proposed by V.A. Ilyin, received rapid development. Review papers [23-24] give a
fairly complete picture of development of the basicity theory by V.A. II’in.

Compared with the spectral theory of ordinary differential operators, the spectral theory of one-
dimensional differential operators with involution is in its infancy. Apparently, the first works on the
spectral theory of one-dimensional differential operators with involution were carried out on initiative of
T.Sh. Kalmenov [25-29] in the past decade of this century. These studies were continued in the cycle of
works by M.A. Sadybekov and A.M. Sarsenby [30-35]. Over the past decade, interest of researchers to
differential equations with involutions has noticeably increased, as evidenced by the publications [36—52].
The bases theory is described in [54—55] in detail.

In this paper we continue the studies begun in [28], a brief summary of this paper was announced in
[53].

Formulation of the problem. We investigate the boundary value problem

Ly =ay'(x) + by (1 —x) = Ay(x),x € (0,1), (1.1)

ay(0) + By(1) =0, (1.2)
where a, b, a, B are arbitrary, previously known constants, and A is a spectral parameter, y(x) is a desired
function from the class C*(0,1) n C[0,1].

Let operator P be defined by the following formula
Py(x) = ay(x) + by(1 —x),

(al — bS)v(x)

then
P lv(x) =

where Sv(x) = v(1 — x), I is unit operator.

Indeed,
I-bS
PP=u(x) = (al + b)) _
a2 — b2

a’l — abS + baS — b%2S?  (a? — b?)I
= a2 — b2 T a2 — p2 =1

Consequently, if a? — b? # 0, then the problem (1.1) - (1.2) takes the following form:

d
Ly = P&y(x) = f(x),x € (0,1),
ay(0) + py(1) = 0.

() =500, [y = 15w,

ay(0) + }3 y(1) = 0;
( ) ( ) ay(O) + ﬁy(l) = 0.
Itisa generalized spectral problem.

Let Qy(x) = ay(x) + by(1 — x), then
(al — bS)v(x)

Q) = —— —
Supposing Qy(x) = z(x), we have
I —bS - 1-
y(x) — Q_lz(x) — Z’z — ﬁz Z(X) _ (ZZ(X)aZ fZﬁ(z X)’

— 20 ——
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az'(x)+pz(1-x) Qz(x)
= a? — B2 T a2 52;
Then our problem takes the following form:

Qz'(x) al —bS , a? — 2
pE—E =1 —bZQ 1z(x),=> Qz'(x) = Aaz —

Qz'(x) = A(a? — BH)P71Q z(x),

y'(x)

Q™ 'z(x),

{z’(x) = Aa? — BHQ'PTIQ ™ z(0), (1.3), (1.4)

z(0) = 0.
It is a generalized spectral Cauchy problem.
Remark 1.1. If (a? —B?)(a? —b?) # 0, then the problem (1.1)-(1.2) is equivalent to the
generalized spectral Cauchy problem (1.3)-(1.4).
2. Research Methods.
2.1. Solvability. If y,, (x) = sin nmx, then
Yn(1 =) = (D", (), yom(1 — ) = =y (0),
Yam-1(%) = Yam-1(1 — x);
moreover y,(0) = 0,y,,(1) = 0.
2) Yom (1 = %) + Yo () = 0,=>y', (x) =y, (1 —x) =0;
6) Yom-1(%) = Yam-1(x) =0,=>y’, () +y,, _,(x)=0.
Lemma 2.1. If Ly, = 0,y,(x) % 0, then
(a®> = b?)(a+p) =0.(2.1)
Proof. From the equation (1.1) we have
{ay'(x) +by'(1—x) =0, -
by'(x) +ay'(1—x) = 0;
a)ora? —b?=0,and y'(x) £ 0;
6) ora? —b% # 0,and y'(x) = 0.

If a = b # 0, then the problem has the form

{y'(x) +y'(1-x)=0,
ay(0) + By(1) = 0.

Functions y,,,_1(x) = sin(2m — 1)mx, m = 1,2, ... are solutions of this problem, therefore, in this
case the point Ag = 0 is an infinitely multiple eigenvalue of the boundary value problem (1.1)-(1.2).

If b = —a # 0, then the boundary value problem (1.1)-(1.2) takes the following form

{y'(x) -y (1-x=0,
ay(0) + By(1) = 0.

Solution of this problem is the following functions

Yom(x) = sin2mnx,m = 1,2, ...
therefore, also in this case the point 4, = 0 is infinitely multiple eigenvalue of the boundary value
problem (1.1) - (1.2).
If a? — b? # 0, then y'(x) = 0, y(x) = C — const; =>
a-C+p-C=0,(a+pB)-C=0,=>a+pB=0,

since C # 0.

Let (a? — b?)(a + ) = 0, then

a)ora+ B =0,ora+f # 0, then a? —b? = 0.
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If @ + B = 0, then the function y,(x) = C — const is an eigenfunction and 1, = 0 is an eigenvalue.

If a? —b? =0, then as we have already noted, in the case a = b the functions V,,_;(x) =
sin(2m — 1)mx, m = 1,2, ... are eigenfunctions, and A, = 0 is eigenvalue of the infinitely multiple. In the
case b = —a the functions y,,,(x) = sin2mmx are eigenfunctions, and 1y = 0 is infinitely multiple
eigenvalue.

Lemma 2.2. Operator L is invertible if and only if

(a®> = b?)(a+p) #0, (2.2)

where
Ly = ay'(x) + by (1 — x), (1.1)
ay(0) + By(1) = 0. (1.2)

Proof. If (a? —b?)(a+ ) =0, then in the case a® —b? =0, A, =0 is eigenvalue, thus the
operator L is not invertible, and in the case a? — b? # 0, 1, = 0 is a simple eigenvalue, therefore the
operator L is again non-invertible.

Inversely, if operator L is non-invertible, then there exists a function D y(x) % 0 such that Ly, = 0,
then due to Lemma 2.1, we have the equality (2.1).

2.2. About inverse operator.
Ly=ay (x)+by'(1—x)=f(x),x € (0,1), (1.1)

ay(0) + py(1) =0, |a| + |8] # 0. (1.2)
Let Tu(x) = au(x) + bu(1 — x) = (al + bS)u(x),
where Su(x) = u(1 — x), then
al — bS

T lv(x) = "

v(x).

Indeed,
(al —bS)v(x)  (a®l — abS + baS — b*S?)

TT Yw(x) = (al + bS) Z_pz aZ — b2

v(x) = v(x).
The problem (1.1)-(1.2) takes the following form

d
Ty =f(),x €0,
ay(0) + By(1) = 0.

Consequently,
y () =T f(0),=>
X

1
() = y(0) + f T1F(D)dt, y(1) — y(x) = f T-1f()dt,

0 x
1

y(x) = y(1) - f T-1f(E)dt, =>

X
X

1
(@ + B)y(x) = afr-lf(t)dt _p f T-1f(0)dt,

0
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1

@ B (e
y) =171 () = —— 3 of Tf@©dt - —— 5 T-1f(t)dt =
a+'8f9(x—t)T 1f(t)dt——fn(x—t)r LF(D)dt =
_(afx—t)—pO(E—x) _ 3
—f oy T 1f(t)dt =

0

fa@(t—x) BO(t — x) af(t)—bf(l—t)
0

a+p — b?

a
= e Th Of a8~ 1) ~ BOCE ~ N (Dt -
1

b
TR f [aB(x — £) — pB( ~ D] (D =
1

a
TG Of (a8 e — 1)~ pO(E ~ )] (it ~
1

b
_ CETDICET)) 0f[az@(x —1+t)—-B0(1 —t—x)]f(t)dt =

B fa[a@(x — )= B0t — )] — blab(x — 1+ 1) — BO(1L —t )]
B (a2 =bH)(a+p)

0
1

F(O)dt = f K Of ()dt,

where ’
alaf(x —t) — pO(t —x)] — blaO(x —1+1t) — ﬁ@(l—t—x)]

Koot = @ = b+ h)

We have proved the following theorem.

Lemma 2.3. If
(@®>=b®)(a+p)#0

then the inverse operator L™1 exists and has the form

1
y() = L () = f Kz, OF ©)dt,
0

where
alaf(x —t) — pO(t —x)] — blaO(x —1+1t) — ﬁ@(l—t—x)]

(a® = b*)(a +p)

K(x,t) =

2.3. Criteria about Volterra property.

We consider the following boundary value problem

Ly =ay'(x) + by (1 —x) = f(x),x € (0,1), (1.1)
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ay(0) + By(1) =0, (1.2)
in the space L?(0,1), where a, b, a, B are arbitrary complex constants, satisfying the condition
(lal + [bD(lal + |B]) # 0,b # 0 2.1)

f(x) is a continuous function on the segment [0,1], y(x) is a unknown, continuously differentiable
function.
Definition 2.1. If the boundary value problem

Ly=ay'(x) +by'(1 —x) —Ay(x) =0, (1.1)
ay(0) + gy(1) =0, (1.2)
has only trivial solution at any complex A4, then it is called Volterra.
Theorem 2.1. Boundary value problem (1.1) - (1.2) is Volterra if and only if
1) (a® = b*)(a® — p?) # 0;(2.2)
2) b(a?+ B?) +2afa =0.(2.3)
Proof.
a) Necessity. Let boundary value problem (1.1) - (1.2) be Volterra, then (a? — b?)(a + ) # 0,
otherwise Ay = 0 is eigenvalue, which contradicts the Volterra property of the boundary value problem

(1.1) - (1.2). If the condition (a? — b?)(a + B) # 0 holds, then there exists inverse operator L™1, which

has the form
1

L0 = j K(x, Of ©)dt,

0
where

alaf(x —t) — pO(t —x)]| —b[ab(x—1+t)— (1 —t — x)]

K(xt) = @ =)@+ B)

If the operator L does not any nonzero eigenvalues, then the operator L™1 also does not have nonzero
eigenvalues, consequently, kernel operator (L™1)? does not have nonzero eigenvalues. Then, by the
Lidsky theorem [59], we get

SpL=2 = 0.

Now we calculate the left part of this formula
1

L2 (x) = f K2(x, O f (D)dt,

0
where
1

K2(x,6) = f K (x, K (€, )dE.

0
It is known that (by the Gaal theorem) [60]

SpL™? = fKZ(x, x) dx,

0
thus

11
SpL™? = K(x, K (&, t)d&dx.
/]

It remains to calculate this double integral:

K(x, $)K (&, t) =?

—— 4 ——
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_alab(x =8 -BFE -] -blab(x -1+ —po(A -§—x)] _ K[1] - K[2]
K(x,f) - -

(@ —b2)(a +p) (@ —-bD)(a+p)
k(e ) = Ala8E =0 =BG = D ~blab(s — 1+ = po(t =¥ =] __KI3] K[
= @ —-b2)(a+p) @ —-b)(a+p)

K[1]-K[3] = —apb(x — &) — Bab(§ —x) = —aB[0(x = &) + 6(§ —x)] = —ap;

K[1]'K[2] = a?0(x = &) - 0(x+&—1) —afO(x —5O(1 —x — &) —
—Bab( —x)0(x+&— 1)+ %0 —x)-0(1 —x—¢);

K[2]"'K[3]=a?0(x+&—-1)-0(¢ —x) —afO(x+&E—1)0(x — &) —
—Bab(1—x—&)OE —x) + 201 —x—&)-0(x —&);

K[Z]'K[Z] = aze(x+f— 1) +ﬁ29(1 —x—f);
Consequently,
aK[1] — bK|[2] aK|[3] — bK|[2]
KD =@ e p Y =@ D@+ py

a?K[1] - K[3] — abK[1] - K[2] — baK[2] - K[3] + b2K2[2]
K(x,f) ' K(S;lx) = (az — bz)(a +,B) =

=a?(—ap) —abla?0(x — &) - 0(x + & — 1) — af(x — )01 —x — &) —
—Bab(§ —x)0(x +§—1) + 20 —x)-0(1 —x -] -
—bala?(x +§—-1)-0(¢ —x) — af(x + & — 1D — ) —
—fabd(1—x—HOE —0) +p20A—x =) 0(x - D] +

+b?[a?0(x +§ — 1) + p20(1 —x — )] / (a® = b*)(a + )%
We calculate the following integrals:

x—§&>0,

X+E—1>0, =>x>&>1—x

D [y fuC— )8 + & — Ddédx =
$ A
£=1

»
»

X

= ijldfdx=%;
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x—=§>0, x> §,

2) fy fy 0 =0 —x—Odedx = || T " T = TV
$a
£=1
2
» X
x=1
=ﬂ dedx =~
D, 4
3 Jy oG —0oG+g—vdsar= | T = ITT
$a
§=1
D3
» X
x=1
=ﬂ dedx =~
Ds 4
4) [ —00(1 —x — §)dedx = |1f;f?£'0’
$A
£=1|
I > X
x=1
:f dfdle;
D, 4

5) J) [ 1a?00 + & — 1) + B20(1 — x — ©)]d édx =7
11 1 x 1
a?0(x+&—1dédx = | dx | a?dé=[(1 -1+ x)a?dx =
/] Jor Joas=]

1
a2

! 2
x
=azjxdx=a2—
2
0

o 2

1 1-x 1

fflﬁzeu—x—f)dxdg:ngdxf df=ﬂzf(1—x)dx=
00 5

0 0

)2,

1

0
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11
SpL™2 = K(x,§)K (& t)dédx =
/]

2 2
a?(~ap) - % (a? — af — Ba+ p?) — 22 (a? — ap — pa+ p?) + b2 FE
- (a2 = bD2(a + B2
_ —2apa® —ab(a - B)* +b*(a® + %)
- 2(a? — b2)2(a + B2 -
_ —2afa® — aba® + 2afab — abB’® + b*a® + b*p*
- 2a? — 522 (a + )2 -
_ [a?(b® — ab) + B*(b? — ab) + 2aBab — 2afa®]
2(a? — b22(a + B
_ (b* —ab)(a? + B?) + 2ap(ab — a?)
T @b B
_b(b—a)(a®+ %) +2afalb—a)
T 2@ pE
_(b—a)[b(a® + B?) + 2aBa] _
B 2(a? — b?)?2(a + p)? B

Since b — a # 0, then b(a? + $?) + 2afa = 0, thus the necessity of the second condition is proved.

If B=—a, then b:2a?—2a?-a =2a?(b—a)=0, since a # 0, therefore b —a =0, it is
impossible, thus § # —a or f + a # 0.

Similarly, if f = a, then b - 2a? + 2a?-a = 0,2a?(b + a) = 0, since a # 0, then b + a = 0, it is
impossible, therefore f — a # 0. Earlier we showed that (a? — b?)(a + ) # 0, due to the last condition,
we have (a? — b?)(a? — 5?) # 0, t.e. we get the inequality (4.2).

0) Sufficiency.

Let (a? — b?)(a? — B?) # 0 and b(a? + B?) + 2afa = 0. From the equation (1.1) we have

d
T——y() = Ay(x0),y'(x) = AT 1y(x),
al — bS
y'() =2

aZ — p2
Differentiating this equation, we obtain

. ay' +by'(1—x) al +bS
Y00 = A = Ay () =

,al +bS al —bS A2
2 —Db2 a2 —bZ aZ —

Lemma 2.4. If 1 # 0 is a eigenvalue of the boundary value problem

y(x).

L2 Y (0.

ay'(x) + by'(1 —x) = Ay(x),x € (0,1), (1.1)

ay(0) + py(1) =0, (1.2)
where b # 0, |a| + |B| # 0,a? — b? # 0, then the quantity
12

[12 = m (24)

is eigenvalue of the Sturm - Liouville operator

y"(x) = p?*y(x),x € (0,1), (2.5)
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{ ay(0) + py(1) =0,
alay’'(0) + by' (D] + Blay'(1) + by'(0)] = 0,
Corollary 2.1. If the Sturm - Liouville problem (2.5)-(2.6) does not have nonzero eigenvalues, then

the problem (1.1)-(1.2) also does not them.
Boundary value problem (2.5)-(2.6) does not eigenvalues if and only if

A24: 0,A14 + A32: 0, A13: 0,

(2.6)

where A;; are minors of the matrix

(a 0 B 0 )
0 aa+pb 0 ab+pfa)
It is obvious that
Ay = 0,A1,= a(ab + Ba),A,3= —L(aa + B/b), ;3= 0.
Moreover,
A14 + A32= a((lb + ﬁa) + ﬁ((la + ﬁb) ==
= a?b + afa + Paa + B*b = b(a? + B?) + 2afa = 0.

Consequently, the problem (4.5) - (4.6) is Volterra, i.e. does not have eigenvalues on all complex
plane, thus the problem (1.1) - (1.2) also does not have nonzero eigenvalues.

Remark 2.1.

Other proof of sufficiency.

If a2 — B2 # 0 and a? — b? # 0, then our boundary value problem is equivalent to the generalized
Cauchy problem

{Z’(x) = Aa? = BHOP1Q 1 z(w),

2(0) = 0; 2.7, (2.8)

where
Pu(x) = au(x) + bu(l — x) = (al + bS)u(x),

Qu(x) = au(x) + pu(l — x) = (al + BS)u(x),

al —BS _, al—bS
=a2—ﬁ2’ Tz _p?

Q—l

al =bS al —BS aal —apS —baS+bBS

PTIQ™t = aZ — b2 q? — B2~ (a® - bD)(a? - B?)

_aal — (aB + ba)S + bBS _ (aa + bB)I — (ap + ba)S.
@@ @@ -

al — S . (aa + bB)I — (aB + ba)S B
a? — p? (a2 —bp?)(a® - Bp?)

_ fElaa +b @) + B(af + ba)l — a(ap + ba)S — f(aa + bB)S
B (a? — b?)(a? — p?)? a
_ (a?a+apb + p?a+ apb)l — (aaf + a’b + faa + %b)S
B (a? — b?)(a? — p?)? B

[a(a? + ?) + 2aBbll — [b(a? + B?) + 2aBalS
(a? = b?)(a? — p?)? '

Q—lp—lQ—l —

— 28 ——
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Consequently, Cauchy problem (2.7) - (2.8) takes the following form

[a(a? + B?) + 2apBb]
(@~ b5)(az = p7)
z(0) = 0;

It is obvious that this Cauchy problem has only trivial solution at any value of A.

Remark 2.2. This proof prompted us that a? — 82 # 0. The fact is that we did not check the
conditions

) (a* =b*)(a+p)#0,

2) b(a?+B?) +2aBa=0

on compatibility.

From the second condition when 8 = a, we have

b-2a?+2a?-a=0,2a%(b+a) =0.

If @« =0, then f = 0, which is not acceptable therefore b + a = 0, and this contradicts the first
condition, therefore B # a or § — @ # 0. And the final look of the Volterra is

1) (a* —b*)(a® - %) # 0,

2) b(a?+ B?) + 2apa = 0.

zZ'(x)=2

2.4. On basis property.

Lemma 2.5. If

a) (a® = b?)(a? - p?) # 0,

6) function y(x, 1) is eigenfunction for the boundary value problem

ay'(x) + by'(1 —x) = +Ay(x),x € (0,1), (2.9)
ay(0) + By(1) =0, (2.10)
where |a| + |B] # 0, then it is eigenfunction for the Sturm - Liouville boundary value problem
y"(x) = 1?y(x),x € (0,1), 2.11)
{ ay(0) + By(1) =0, 2.12)
(aa + bB)y'(0) + (af + ba)y'(1) =0, '
where
/12
,UZ = Z_az' (213)
2
Inversely, if the quantity u? = # is eigenvalue of the Sturm - Liouville boundary value problem
y"(x) = u?y(x),x € (0,1), 2.11)
{ ay(0) + By(1) =0, 2.12)
(aa + bB)y'(0) + (af + ba)y'(1) =0, '

Then the function y(x) is eigenfunction for the boundary value problem
ay'(x) + by' (1 —x) = £ay(x), (2.9)

ay(0) + By(1) =0, (2.10)
Proof. Suppose that (2.9) - (2.10) holds. Then, assuming

Tu(x) = au(x) + bu(l —x) = (al + bS)u(x),
Su(x) =u(l —x)
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we have
Ty'(x) = £y (x),
al — bS
Y'() = ATy () = £A——5y (%),
., ay'(x) +by'(1 —x) al +bS
y(x) = FA— e = Ay () =
+1 , A?
= az _bZTy (x) = az _bzy(x);
consequently,

/12
-y"(x) = a2 y ().
Further, from the equation (2.9) due to the boundary condition (2.10), we obtain
alay’(0) + by'(D] + Blay'(1) + by'(0)] = £A[ay(0) + py(1)] = 0.

Therefore, the second boundary condition has the form

(aa +bB)y'(0) + (aB + ba)y'(1) = 0.

Inversely, let function y(x, u) be a eigenfunction of the Sturm — Liouville boundary value problem

y"(x) = 1?y(x),x € (0,1), 2.11)
( ay(0) + fy(1) = 0, o
(aa + bB)y'(0) + (aB + ba)y'(1) =0, '
where
2 _ A
W= (2.13)

We find a eigenfunction, corresponding to the eigenvalue u?.
General solution of the equation (2.11) has the form

y(x, 1) = Ae™* + Be~iHX,

where A, B are arbitrary constants. Putting this expansion into the boundary condition (2.12), we
receive a system of homogeneous equations for unknowns 4, B.

a,(0) + By(1) = a(A+B) + p(Ae™ + Be™™) =
= A(a+ Be*) + B(a + pe™*) = 0;
' (x, 1) = iu(Ae™* — Be~¥),y'(0) = iu(A — B),
y'(1) = iu(Ae'* — Be™™H),
(aa + bB)iu(A — B) + (ap + ba)iu(Ae* — Be™™) = 0,iu + 0;
(A—B)(aa + bB) + (af + ba)(Ae'* — Be™*) =0,
Alaa + bB + (aB + ba)e'*| + B[—aa — b — (ap + ba)e ] =0,

A(a + ,Bei“) + B(a + ,Be“"‘) =0,
{A[aa + bB + (aB + ba)e™*| + B[—aa — bp — (ap + ba)e™*] = 0.

— 30 —
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We calculate determinant of this system of equations

a+ fet a+ Be _
aa + bf + (af + ba)e* —aa —bf — (af + ba)e™*

= —(a+ Be™)|aa + bB + (aB + ba)e | —
—(a+ ﬁe‘i")[aa + bB + (aB + ba)ei“] =0.(2.14)

A(w) =

Transforming this expression, we get
A(w) = —[a(aa + bB) + a(af + ba)e™* + B(aa + bp)e™ + B( B + ba) +
+a(aa + bB) + a(af + ba)e™ + B(aa + bB)e™* + B(af + ba)] =
= —{2a(aa + bp) + 2f(af + ba) + [a(aB + ba) + f(aa + bB)]e * +
+[a(ap + ba) + B(aa + bﬂ)]ei”} =
= —{2a?%a + 2apfb + 2p%a + 2apfb +
+[a(aB + ba) + f(aa + bP)](e™* + e™i#)} =
= =2[(a?® + B*a + 2apb + (afa + ba? + Baa + bB?) cos u] =

= —2{a(a? + B?) + 2apb + [b(a? + B?) + 2afa] cos u}.
Remark 2.3. If

1) b(a?+ B?) + 2aBa = 0;
2) a(a?+ B?) +2aBb # 0

then A(u) # 0, i.e. the problem is Volterra.
In this case:
2)—1)=(6%2+p%(a-b)+2af(b—a)=(a—b)(a—p)>+0,
2)+ 1) =(@?+p*(a+b)+2af(b+a)=(a+b)(a+p)?+0.

Therefore, (a? — b?)(a? — f?)? # 0, that coincides with the first condition of Volterra property, see
(2.2).

Supposing b(62 + f2) + 2afa # 0, from the equation A(u) = 0 we have
a(a? + B?) + 2apfb
b(a? + B?) + 2apa’
a(a? + B?) + 2apb
b(a? + B?) + 2afa
We investigate multiplicity of eigenvalues
A(w) = 2[b(a? + B?) + 2afa] sin p.
If A(u) = 0, then sinyu = 0,cosu = +1. Thus
a(a? + B2) + 2apb
b(a? + B?) + 2aBa

cospy =

u = xarccos |—

+2nm,n=0,+1,+2, ...

= +1.

a) If
a(a? + f?) + 2afb = b(a? + %) + 2afa , then
(a=b)(@?+ p?)+2aB(b —a) = (a—b)(a?+ p? —2ap) =
=(a—b)(a—-p)*=0;




News of the National Academy of sciences of the Republic of Kazakhstan

6) If
a(a? + B?) + 2afb = —b(a? + B?) — 2apa,

(a®?+ B*(a+b)+2aB(b +a) = (a+b)(a?+ p?+ 2ap) =
=(a+b)(a+p)?=0.

In oue case, (a? — b?)(a? — B?) # 0, therefore A(u) # 0 and the Sturm - Liouville problem does not
have associated functions.
Supposing,
A=K(a+pe™™),B=(—a—Pe*)K,
where K is arbitrary constant, we obtain (find) eigenfunctions of the Sturm — Liouville boundary value
problem
y(x,u) = K(a + Be‘i”)ei”x — K(a + ,Bei”)e‘i”".
Then
y'(x,u) = K[i,u(a + Be‘i")ei”" + iu(a + Bei”)e‘i”x],
y'(1—x,p1) = K[ip(a + Be‘i")ei"(l"‘) +ipu(a + Bei”)e‘m(l"‘)] =
= K[i,u(aei” + ,B)e‘i”x + i,u(ae‘”‘ + ,B)ei”x];
ay' +by'(1—x) = i,uK{[a(a + Be‘i”) + b(ae‘i” + B)]ei’”‘ +
+[a(a + ﬁei”) + b(aei“ + ,B)]e‘i’“‘}.

Further, from the equality A(m) = 0 it follows that rows of this determinant (2.14) are linear
dependent, therefore we have
aa +affe ™ + bae " + bp =

= aa + b + (aB + ba)e ™ = —C(a + fe™*), (2.15)
aa + afe™ + bae' + b =
= aa + bf + (aB + ba)e* = C(a + Be'*), (2.16)

Consequently,
ay' + by’(l — x) = uk - C[—(a + '[ge—i#)ei#x + (0( + ﬁeiu)e—iux] —
= i,uK . C[(a + Be—iﬂ)ei#x _ (a + Beiu)e—iux] —

= —ip Cy0o ) = = ==z Cy (o). @.17)
Calculate the constant C. If we sum up formulas (2.15) and (2.16), then we get
2(aa + bB) + (ap + ba)(ei“ + e‘i“) = C(ei“ — e‘i“) B, =>
aa + bB + (af + ba) cosu = C - fisinpu.
Subtracting the formula (2.15) from (2.16), we have
(aB + ba)(e* — e ) = C[2a + B(e™ + ™), =>

i(aB + ba)sinu = Cla + B cos ul;
Consequently,
- i(aB + ba) sinpu _aa+bp+ (aB + ba)cosu_

a+pBcospy if3 sinu ’

In our situation
a(a? + %) + 2apb
b(a? + B?) + 2apa’

— 3 ——

cosp =—
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Thus
ap(a® + %) + 2ap*b
b(a?+ B2) + 2aBa
_ab(a® + B?) + 2a*Ba — af(a® + B*) — 2aB’b _
B b(a? + B?) + 2afa B
_ (a?+p*)(ab —ap) + 2af(aa — Bb)
B b(a? + B2) + 2afa B
_ bla(a? + B?) — 2aB?] + a[-B(a? + B?) + 2a*B]
B b(a? + B?) + 2afa
_ba(a® - *) +ap(a® - %) (a® = p*)(ba+ap)
B b(a? + B2) + 2afa "~ b(a? + B2) +2afa’

a+fcospy=a-—

ot [a(a® + B2) + 2apb]>  +VbZ —a?(a®— %)
SImMp== 2= [b(a? + B2) + 2aBal? b(a? + B2) + 2afa ’

o _tilap+ ba)Vb? — a?(a? — B?) (62 — p2)(ba +ap) _
B b(a? + B?) + 2afa "b(a?+ B2) +2afa
= +iyb2 — a? = +y/a? — b2,
Putting this expression into the formula (2.17), we have

ay'(x) + by'(1 = x) = +Ay(x, ),

which was required to prove.

Problem. Prove that the system of eigenfunctions of the Sturm - Liouville boundary value problem is

basis
—y"(x) = p?y(x),x € (0,1), 2.11)
{ ay(0) + By(1) =0, 2.12)
(aa + bB)y'(0) + (af + ba)y'(1) =0, )

where (a? — f%)(a? — b?) # 0, by the Kesselman - Mikhailov Test [57-58].
Solution. Boundary matrix of the boundary value problem (2.11) - (2.12) has the form

(a 0 B 0 )
0 aa+bB 0 af+ba)
We calculate minors of this matrix
A= alaa + bB),A13=0,A1,= a(af + ba),
Azz= —B(aa + Bb),Azs= 0,43,= B(af + ba);
Hence,
Ay + Asp=a(aB + ba) + B(aa + Bb) =
= b(a? + B?) + 2afa # 0,
otherwise the problem is Volterra.

First we check the Birkhoff regularity condition [54]; for this, we rearrange rows of the boundary
matrix
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ao a; by by
0 aa+bB 0 af+ba
a 0 B 0
Co C1 dy dy

1) aldl - blcl = 0,
2) aidy — bic; =0,]aq| + |by| = |@a + bB| + |aB + ba| > 0,

bico + a;dy = a(as + ba) + f(aa + Bb) = b(a? + B?) + 2afa # 0,
3) a =b; =c; =d; =0,a0dy — bocy # 0.
It is obvious that in our case conditions 1) and 3) coincide, only condition 2) remains.
If |a;| + |b1| = 0, then a; = 0 and b; = 0. Then we get

{aa+b,8=0,
afp + ba = 0.

Since |a| + |b| # 0, then a? — ? = 0; similarly from the condition |a| + |f] # 0 we have that
a? — b? = 0, which is not possible by our condition. Consequently, our boundary value problems (2.12)

are regular by the second part of the Birkhoff condition [56].
The Kesselman condition [57] is
Afy + A%, — Af, — A3, % 0.
In our case,
A%, + A%,= a?(aB + ba)? + B?(aa + Bb)?,
A%,= a?(aa + Bb)?, A%,= f?(af + ba)?, =>
Afy + A3, — A, — A%y= (@ — B*)(aB + ba)? + (B? — a®(aa + Bb)?) =
= (a® — BA)[(af + ba)* — (aa + Bb)*] =
= (a® - B?)[(af + ba — aa — Bb)(ap + ba + aa + fb)] =
= (a® = pH)[a(B — @) + bla — PI[6(a + b) + Bla+ b)] =
= (e = p*)(a-p)b-a)a+Db)a+p)=
= (a? — B*)(a? = p3)(b* — a®) = (a® — f?)?*(b* — a®) # 0.

Consequently, the eigenfunctions of the Sturm — Liouville boundary value problem (2.11) - (2.12)

form a Riesz basis in the space L2(0,1).
Theorem 2.2.If
a) (a* — *)(a® = b*) # 0,
b) b(a? + £?) + 2afa # 0,

then eigenfunctions of the bpundary value probelm
ay'(x) + by’ (1 —x) = Ay(x),x € (0,1),

ay(0) + By(1) =0,

form a Riesz basis in the space L?(0,1).

Remark 2.5.
If a = 0,b = 1, then the boundary value problem (1.1)-(1.2) takes the form

y'(1—x) =2y(x),x € (0,1),

— 34 ——

(1.1)
(1.2)
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ay(0) + By(1) = 0.
Thus the conditions a) and b) of Theorem 2.2. are transformed as follows:
ay a2 — B2 £ 0,
b)Y a? + % # 0
or (a? — B?)(a? + B?) #+ 0, or a* — B* # 0, that coincides with the results of [28].

3. Research Results
We consider in the space L?(0,1) the following boundary value problem
Ly =ay'(x) + by'(1 —x) = Ay(x),x € (0,1), (1.1)
ay(0) + By(1) =0, (1.2)

where a, b, a, B are arbitrary, previously known constants, and A is a spectral parameter, y(x) is a desired
function from the class C1(0,1) N C[0,1], and we formulate the obtained results.

Theorem 3.1. The boundary value problem (1.1) - (1.2) is Volterra if and only if

1) (a? —b?)(a?—p?) #0;(2.2)
2) b(a?+ f?) + 2aBfa = 0.(2.3)

Theorem 3.2.If

a) (a® — p?)(a® — b*) # 0,
0) b(a? + B?) + 2afa # 0;

then eigenfunctions of the boundary value problem
ay'(x) + by'(1 —x) = Ay(x),x € (0,1), (1.1)
ay(0) + By(1) = 0, (1.2)
form a Riesz basis in the space L2(0,1).

4. Discussion of Results.

Remark 4.1. If
{b(a2 + B?) + 2afa = 0,
b2af + (a? + B?)a =0,

then (a? + p?)? —4a?B? =0, i.e.
(a? + B?)? — 4a?p? = (a® + p* — 2ap)(a® + B? + 2ap) = (a — f)*(a + B)?
= (a®?-p?»)?% =0.
Remark 4.2.
a) If C = —Va? — b?., then from the formula (2.15) we have

aa + b + (ap + ba)e ™ = a? — b2.(a + pe™*),
aa + bp + (af + ba)e ™ = By/a? — b2e~ + ay/a? — b2,
(aﬁ +ba — pya® - bz) e"" = aya? — b% — aa — b,

6va? — b%? —aa — bpB
ap + ba — fVa? — b?

e =
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and from the formula (2.16) we have
_ —ava®—b%—aa—bf -
aB + ba + pVaZ —b% '

el

consequently, e " - el = 1.
0)IfC = Va? — b2, then from the formula (2.15) we have
aa + b + (af + ba)e™# = —Ja? — b2, (a + Be™#),
aa + bf + (af + ba)e * = —ﬁﬂe‘i“ — am,
(a,B + ba + BM) e = —am —aa — bp,

ava? —b? + aa + bf
aﬁ+ba+ﬁm'

e_lll- - —

5. Findings. Operator corresponding to this boundary value problem is not semi-bounded; therefore,
variational methods are not suitable to study such problems, and this is a distinctive feature of this
problem. In our opinion, such operators can be used to construct non-local transformation operators, and
apply them to study spectral properties of operator sheaves.
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O CIHEKTPAJIBHBIX CBOMCTBAX KPAEBOM 3AJIAUM YPABHEHUS ITEPBOI'O MTOPSIIKA
C OTKVIOHAIOHOIUMCS APTYMEHTOM

AunHoTauus. B nanHOI paboTe M3ydeHbl CIEKTpaJIbHBIE CBOMCTBA KpaeBoi 3anaun TuddepeHInan-Horo ypaBHEHHs
MEPBOr0 TOpPsIKa C TOCTOSHHBIMH KOA()QUIMEHTAMH M OTKJIOHSIOIIUMCS apryMEHTOM, IPH 3TOM OTKJIOHEHHE
MPUCYTCTBYET NPH CTapIlieM WIeHe YpaBHEHUs, U €ro Helb3s nepedpackiBaTh O3 TOMOIHUTENFHOTO YCIOBHUS Ha MIIaJIIe
4yieHbl ypaBHEeHUs. [1o/1 CrieKTpaibHBIMU CBOWCTBAMU MBI HIMEEM B BUJY TIOJIHOTY M 0a3MCHOCTh CHCTEMbI COOCTBEHHBIX U
MPUCOETMHEHHBIX (QYHKIMI KpaeBoH 3a/1auu, a TAKKe BOJIBTEPPOBOCTb.

KioueBble c10Ba: ypaBHEHUE C OTKJIOHSIOUIMMCS apryMEHTOM, MOJHOTA, 0a3UCHOCTh, BOJIBTEPPOBOCTD, (hOpMyia
lNaana, reopema Jlnackoro, onepatop Lltypma - JInysums, 6a3uc Pucca.
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