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NUMERICAL IMPLEMENTATION OF SOLVING A BOUNDARY
VALUE PROBLEM FOR A SYSTEM OF LOADED DIFFERENTIAL
EQUATIONS WITH PARAMETER

Abstract. A linear two-point boundary value problem for the loaded differential equations with parameter is
considered. This problem is investigated by parameterization method. We offer algorithm for solving to boundary
value problem for the system of loaded differential equations with parameter. In first, original problem is reduced to
equivalent problem consisting the Cauchy problems for system of ordinary differential equations with parameters in
subintervals and functional relations with respect to introduced additional parameters. At fixed values of parameters
the Cauchy problem for system of ordinary differential equations in subinterval has a unique solution. This solution
is represented with fundamental matrix of system. Using these representations we compile a system of linear
algebraic equations with respect to parameters. We proposed algorithm for finding of numerical solution to the
equivalent problem. This algorithm includes of the numerical solving of the Cauchy problems for system of the
ordinary differential equations and solving of the linear system of algebraic equations. For numerical solving of the
Cauchy problem we apply the Runge—Kutta method of 4th order. The proposed numerical implementation is
illustrated by example.
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As well-known, the problem of constructing effective models finds its solution in many areas of
science and technology. The active development of computer technology in recent decades, the
emergence of new software tools designed to automate professional activity, has significantly affected the
methods for solving the problems of identification of parameters. The application of software tools
specialized in the field of scientific, technical and engineering calculations provides an opportunity for a
deeper study of the investigated area, transferring the main burden of solving the problems from the
development, debugging of algorithms and programs to the study of qualitative and numerical
characteristics of the problem. Therefore, a modern approach in the theory of control and identification of
parameters should be directed to the development of new constructive methods and modifications of
known methods for solving boundary value problems for loaded differential equations with parameters.
The theory of boundary value problems for the loaded differential equations with parameters is rapidly
developing and is used in various fields of applied mathematics, biophysics, biomedicine, chemistry, etc.
[1-10]. In spite of this, the questions of finding the effective criterions of unique solvability and
constructing the numerical algorithms for finding the solutions of boundary value problems for the
system of loaded differential equations with parameters still remain open. One of the constructive
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methods for investigating and solving the boundary value problems with parameters for the system of
ordinary differential equations is the parameterization method [11]. The parameterization method was
developed for the investigating and solving the boundary value problems for the system of ordinary
differential equations. On the basis of this method, coefficient criteria for the unique solvability of linear
boundary value problems for the system of ordinary differential equations were obtained. Algorithms for
finding the approximate solutions were also proposed and their convergence to the exact solution of the
problem studied was established. Later, the parameterization method was developed for the two-point
boundary value problems for the Fredholm integro-differential equations [12-16]. Necessary and
sufficient conditions for the solvability and unique solvability are established, the algorithms for finding
the approximate solutions of the problems considered are constructed. In [17], methods for investigating
and solving the linear boundary value problems for the linear Fredholm integro-differential equation on
the basis of new algorithms of parameterization method are constructed. In [18] this algorithm is used for
solve boundary value problem for system of ordinary differential equations with parameter.

In present paper the proposed new algorithms of parameterization method are extended to boundary
value problem for loaded differential equations with parameters. We offer the numerical implementation
of these algorithms to solve boundary value problem for the loaded differential equations with
parameters.

So, we consider the linear boundary value problem for the loaded differential equations with
parameter

B~ Aex+ K OXO) +A,(Op+ (@), xR, weR, 12O, O

Bx(0)+Cx(T)+ B,u=d, deR"", )
where the (72X 7)-matrices A(?), K]. @), j= O,_N, (nx m) -matrix A (¢), and 7 -vector-
function f(¢) are continuous on [0,7], the ((77 +m) X n) - matrices B, C, the ((n+m)xm)
- matrix B , are constants.

Let C([0,T],R") denote the space of continuous functions X :[0,7]— R" with the norm
x(t)|
x'(t)e C([0,T],R"), 1’ (t) € R", where the function X (¢) is continuously differentiable on
(0,T) and satisfies the loaded differential equation (1) and boundary condition (2) with ¢ = ,u*.

Given the points: 8, =0<6 <0, <...<0, <60, =T, and let A () be the partition of

interval [0,7") into IV subintervals: [0,7") = LNJ[QH ,0).

||x||1:max . A solution to problem (1), (2) is a pair (u ,x (¢)), with

te[0,7T]

By C([0,T],A,,R"™) we denote the space of function systems x[¢]= (x,(¢),x,(?),...,x, (¢)),
where X [QH , 9}) —> R" are continuous and have finite left-hand limits tligI}O X, (t ) for all

=1, N, with the norm Hx”2 = max sup er (t)H
r=LN"tel6,,.6,)
Denote by x (f) the restriction of function X(¢) to the 7 -th interval [ ,6 ) and reduce problem

(1), (2) to the equivalent multipoint boundary value problem with parameter for the loaded differential
equations

% = A()x, + 3K (0x,.,(0)) +K  ()x(0,) + 4,(O + [ (1), ®)
RS (9;*7]70;*),]/' :L_N’
Bx,(0)+ Cx (T)+Bu=d, )

— 78 ——
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LIHH% x®)=x,0), s=1,N-1, (5)

lim x, (7) = x(8,), (6)

where (5), (6) are conditions for matching the solution at the interior points of partition A N ((9) and at
the point £ = QN.

The solution of problem (3) - (6) is the triple (y*,x*(QN),x*[t]) with elements ,u* eR",

x(0,)eR", x'[t]=(x (1),x.(t),...,x, () € C([0,T],A, ,R"™), where functions X' (?),

r =1, N, are continuously differentiable on [HH ,(9)_), which satisfies system of loaded differential

equations (3) and boundary condition (4) with 4 = u* and continuity conditions (5), (6).
We introduce additional parameters A =x (6 ), ¥ =1,N,and 4, =x(60,), 4,,, = 1.

Making the substitution # (#) = x (¢) — A , onevery r —thinterval [ ,0 ), =1, N, we obtain
multipoint boundary value problem with parameters

d;‘tr =AY + 1)+ ﬁK}. (A, +A4,(DA,, + f@), teld .,0), p=LN, ()
u,(0.)=0, p=1N, (®)

BA +CA, +BA,, =d, )

A +limu ()=4., s=LN. (10)

A pair (Z* u'[t]) with elements A= (ﬂl ,/1; oo .,I;M 92:;\”2) eR™™ R

u'lt]l= (u (¢),u,(t),...,u,(t)) € C([0,T],A,,R™), is said to be a solution to problem (7)-(10) if

the functions (), r =1,N are continuously differentiable on [QH,Q), and satisfy (7) and

additional conditions (9), (10) with ﬂj = I; , J= 1, N + 2, and initial conditions (8).

Problem (1), (2) is equivalent to problem (7)-(10) in the following sense. If a pair (A",u"[¢]) isa
solution to problem (7)-(10), then the pair (x'[¢], ") with function X" (#) defined by the equalities
xX()=A +u (t), telb_.,0), r= m x(T)y=A4,,, u#" =A4,,, is asolution to problem

(1), (2). Conversely, if a pair (f(t),ﬁ) is a solution to problem (1), (2) and Zr =)~C(9H),
A,.,=%0,), A, =H, #()=%0)-%(0), te[b ,0), r=1,N, then the pair
(A,i[t]) with A=A, 4., A, A )ER™™, and #[t]= G (1)@, (0),....7i,(t)), is a
solution to problem (7)- (10).

. S _dx
Let X (#) be a fundamental matrix to the differential equation ? = A(t)x
4

on [0 _,0), r=LN.
Then the unique solution to the Cauchy problem for the system of ordinary differential equations (7),
(8) at the fixed values A = (ﬂl ,ﬂz .. .,ﬂNH A

N+2

) has the following form
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u (t)=X() [ X" (D) A@D)dT -2, + X(0) [X ' (OL K (0)d A, +

+ X(0) [ X (D)4, (1)dTh, + X(0) [X(2) f(r)dr, t (@ ,0), r=LN. (1)

Substituting (11) into continuity conditions (10) and taking into account (9), we get the system of
algebraic equations with respect to unknown parameters A = (ﬂ.l R ﬂ.z yeues ZNH s ﬂ,lm) eR"™":

BA +CA, +BA,, =d, (12)
A +X(O) [ X (AT 2, +X(0) | X (03K (1)dTh, A, +

FXO) [X (DA ()dT A+ X(0) [ X '(2)f(2)dr =0, s=LN. (3

Denoting by Q. (A v ) the matrix corresponding to the left-hand side of system (12), (13) which is

consist of the coefficients at the parameters ﬂr , Y=L, N+2, andthen introducing the vector

F(8.)=(~d.X@) X ) (0Mr X0 X (01 e

we write the system (12), (13) as:
0.(A)A=-F(a,) 2eR"". (14)

The boundary value problem (1), (2) is solved by the following algorithm:
As can be seen from the equations (12), (13), the coefficients and right-hand side of the system (14)
are composed of solutions to the Cauchy problems

dz

7 = A(t)z+ A(t), z(0.,)=0, r=1LN, (15)
t

dz —
E:A(t)ZJrK’(t)’ z(0_)=0, r=1,N, (16)
dz —

% =A(t)z+ A,(t), z26_,)=0, r=LN, (17)
dz —

% =A(t)z+ f(¢), z(0.,)=0, r=1,N. (18)

Construct the following algorithm for the numerical solving of two-point boundary value problem for
the systems of loaded differential equations with parameter by applying the Runge—Kutta method of 4th
order for numerical solving of the Cauchy problem (15) — (18).

Suppose we have a partiion 6 =0<6 <...<0, <60 =T. Divide each subinterval

[HH R 9, ), i=1,N,into N . parts. Define the approximate values of coefficients and right-hand side of
(14) via solutions to the Cauchy matrix and vector problems obtained using the Runge—Kutta method of
4th order with step h,_ = ((9[ - 9[_1 )/ N i i =1, N . Then we obtain the following approximate system

of algebraic equations with respect to parameters A :

O'(A)A=-F'(A,), AeR"". (19)
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nN+m

Solving the system of linear algebraic equations (19) we find A" eR .
As noted above, A' = ﬂf , ﬂf; yeoes ﬂfm eR"™™ components are the values of approximate
solution to problem (1), (2) at the initial points of subintervals:

F0) =75 0) £ X' 0) =R u =

N+2°

Applying the Runge—Kutta method of 4th order for numerical solving of Cauchy problem

% = A(f)x + ﬁ]K}. A, + A, + f(),

x@ )=X,tel0,.6) r=LN,

we determine the numerical solution to problem (1), (2). To illustrate the proposed approach of the
numerical solving of two-point boundary value problem for systems of loaded differential equations with
parameter (1), (2) based on the parametrization method, let us consider the following example

Example. Consider on [O,T ] the linear two-point boundary value problem for the systems of
loaded differential equations with parameter:

% = A(t)x + K,(1)x(6,) + K (1)x(0,) + K,()x(0,) + A,()u + f(t),

te[O,T], xeR ueR’ (20)
Bx(0)+Cx(T)+Bu=d, deR’ 21)
t* t+1 t 2 8 t +1 0
h Alt)= , Ko (t)= , K, (t)= K, (t)= ,
e 2 [2 3t] o) [tz t—4) ) [r 3zj () [r 4]
A\t)= e o fo= ’
t+3 2 ¢ —3t4—12t3+2t2+%t—5
1 O 5 =2 1 3 -5 -51
2 1 0 4 0 4 28
B=|3 -2|"C=|5 3 | B=[4 -2 3| d=|36
0 4 8 11 -1 3 8 57
7 9 7 8 4 -2 0 -7

In this example, the matrix of differential part is variable and the construction of fundamental matrix
fails. We use a numerical implementation of algorithm of the parametrization method. Below we provide
the results of numerical implementation of the algorithm by partitioning the subintervals [0,0.5], [0.5,1]

with step hl = hz =0.05.
Solving the system of equations (19) we obtain the numerical values of the parameters:
e _[- 0.99999562} 7 (- 0.74999836} P (0.00000017]‘
-2.00000517 -1.62499829 0.00000511

We find the numerical solutions at the other points of the subintervals applying the Runge-Kutta
method of the 4th order to the following Cauchy problems:
81

1

2

3
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é%:h“ﬂxfﬁK“ﬂﬂ?+KKﬂi§+KéU»g+l“01§+f@L relo, = | x0)=4,
g P P P 1 ~
%%:Amm+KJ&ﬂ+KKO%+KA&%+MﬂM+fm,te EJ, %( =i
1

The exact solution of the problem (20)-(21) is a pair (& ,x"(¢)), where u" =
9

t* -1
£+ =2

x'(t)=

The results of calculations of numerical and exact solutions at the partition points are presented in

the following table:

, telo.1].

%(0) * %, (1) *
t (numerical x, (2) (numerical x, ()
solution) solution)

0 -0.99999562 -1 -2.00000517 -2
0.05 -0.99749604 -0.9975 -1.99737924 -1.997375
0.1 -0.98999643 -0.99 -1.98900339 -1.989
0.15 -0.97749678 -0.9775 -1.97412762 -1.974125
0.2 -0.9599971 -0.96 -1.9520019 -1.952
0.25 -0.93749739 -0.9375 -1.92187622 -1.921875
0.3 -0.90999764 -0.91 -1.88300059 -1.883
0.35 -0.87749786 -0.8775 -1.83462498 -1.834625
0.4 -0.83999805 -0.84 -1.7759994 -1.776
0.45 -0.79749822 -0.7975 -1.70637383 -1.706375
0.5 -0.74999836 -0.75 -1.62499829 -1.625
0.55 -0.69749848 -0.6975 -1.53112275 -1.531125
0.6 -0.63999858 -0.64 -1.42399724 -1.424
0.65 -0.57749867 -0.5775 -1.30287174 -1.302875
0.7 -0.50999875 -0.51 -1.16699627 -1.167
0.75 -0.43749884 -0.4375 -1.01562083 -1.015625
0.8 -0.35999893 -0.36 -0.84799544 -0.848
0.85 -0.27749906 -0.2775 -0.66337012 -0.663375
0.9 -0.18999923 -0.19 -0.46099489 -0.461
0.95 -0.09749948 -0.0975 -0.2401198 -0.240125

1 0.00000017 0 0.00000511 0
~ W * ~ W * — 7 *
My = 141 H, My = 142 H, My = 2,43 Hs
(numerical (numerical solution) (numerical solution)
solution)
0.9999919 1 -2.00000308 -2 8.99999553 9

For the difference of the corresponding values of the exact and constructed solutions of the problem

the following estimate is true:

max | — 7] < 0.0000081,
max|x*(r,)-%(t, )| < &, & =0.000005.

j=0,20

— g2 ——
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MMAPAMETPI BAP KYKTEJITEH JU®®EPEHIMAJIIBIK TEHJEYJEP )KYHECI YIIITH
IETTIK ECENTI IMEIYAIH CAHIBIK )KY3EI'E ACBIPBIJIYBI

Annoranus. [lapamerpi Oap xykrenreH mnudepeHIHaNIbIK TeHASYIep YIIH ChI3BIKTH €Ki HYKTeNi IIETTIK
€Cell KapacThIPhUIAAbl. ATalFaH ecen IapaMeTpiiey oaici apKpUIbl 3eprrenemdi. [lapameTpi Gap kykrenreH mudde-
PEeHLMAIIBIK TEHJEYJIep JKYHecl YIIIH MIeTTIK €CeNTiH UIeNIMIH TaOyAblH alrOpUTMI YCHIHBUIAAbl. AJIBIMEH
Oacrarnkbl ecell ilKiapalnbIKTapAarbl napaMeTpiepi 0ap ko nuddepeHunanapik TeHaeynep xyieci yuin Komm
eceOlH JKOHE eHTI3UIreH mapaMeTpliiepre KaTbICThl (YHKIIMOHANJBIK KAThIHACTAP/bl KAMTUTBHIH Mapa-mnap ecernke
kenripineni. I[lapamerprnepain OekiTUIreH MOHIHJE IIIKiapaJIbIKTAFbl k9l AnudepeHInanIblK TeHAeYyIep Kykeci
yurie Ko eceOiHiy xanFbi3 miemnrimi 0ap Oonaapl. By mrermiM sxyieHiH (GyHIaMEHTAIIBIK MaTPUIACH apKbLIbI
kerinTeneni. Ockl KedinTeMeepAi naianaHa OTBIPHINT HapaMeTpIiepre KaThICThI CHI3BIKTHI aIreOpallblK TEHICYIICp
KyleciH Kypambi3. [lapa-map ecentiH caHABIK MIEMIiMiH TaOyFa apHaJFaH ajlrOPUTM YCHIHBUIAABL. byl anroputm
KoM U epeHImanIbIK TeHaAeyIep Kykeci ymin Komm ecentepid caHABIK MICIITY i )KOHE aNreOpalibIK TCHACYIIEP
JKyleciH mrerryai kamtuapl. Kommm ecenTepiH CaHIBIK TypZe WIeNTy VIniH TepTiHmi perti PyHre-KyrransH omici
KOJIIaHbUIA b, ¥ CHIHBLIBII OTBIPFAH CAHIBIK JKY3€re aChIPbLTY MBICAIIMEH KOPHEKTEIC/I1.

Kinrrik ce3mep: mapamerpi Oap MIETTIK ecem, KYKTenreH Iup@GepeHINaNAbK TEHIEY, CaHIBIK IiC,
ANTOPUTM.
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YHUCJIEHHAS PEAJIM3ALIMS PEIIEHUS KPAEBOM 3AJTAUA
JIJISI CACTEMBI HATPYKEHHBIX TMU®O®EPEHIIUAJILHBIX YPABHEHUI C IAPAMETPOM

AnHoTanus. PaccmarpuBaercsi NuHeWHas AByXTOU€YHas KpaeBas 3agada JJIsi CHCTEMBl HarpyKEHHBIX
muddepeHmanbHbIX  ypaBHeHHH ¢ mapameTpoM. JlaHHas 3ajada MCCieyeTcs METOJOM IapamMeTpu3alyu.
[Mpennaraercst anropuT™M HaxXOXKIEHHS PELICHUS] KPaeBOW 3a1auul JJIsl CUCTEMBI HarpyXeHHbIX TuddepeHranbHbIX
ypaBHEHMH ¢ mapaMeTpoM. BHauane ucxofHasl 3ajada CBOAMTCS K SKBHUBAJIEGHTHOM 3ajade, COCTOAIIEH M3 3aj1ad
Komm mnst cucrembl OOBIKHOBEHHBIX I depeHIManbHbBIX YpaBHEHUH C MapamMeTpaMH Ha IHOAWHTEpaBaiax W
(hyHKIIMOHATIBHBIX COOTHOIIEHNH OTHOCHTEIHHO BBEACHHBIX JOMOJHHUTEIBHBIX MapameTpoB. [Ipn duxkcnpoBaHHBIX
3HAUEHHMAX NapaMeTpoB 3amada Komwm st cucteMbl OOBIKHOBEHHBIX IU(QEpEeHIHMANbHBIX  YpaBHEHUH Ha
MOJMHTEPBAJIE UMEET €IUHCTBEHHOE PEIICHHe. DTO PELIeHHE MPEeACTaBIsIeTCs Yepe3 (pyHIaMEHTAIbHYI0 MaTpHILy
cucrembl. Mcronb3yss 3TH IPEACTaBICHUS COCTaBJIICTCS CHUCTEMa JIMHEHHBIX anreOpanyuecKuX ypaBHEHHH
OTHOCHUTENBHO NapameTpos. Ilpeanaraercst anroputM HaxOXKIECHUsI YUCICHHOTO PEIICHHs SKBUBAJICHTHOM 3a1adu.
JlaHHBIN anropuTM BKJIIOYAET YUCICHHOE pemieHne 3a1ad Komm 11t cucTeMbl 00BIKHOBEHHBIX AU GEepeHIINATbHBIX
YpaBHEHUIA U peLIeHNe JIMHEHHOW CUCTeMbI alredpandyeckux ypaBHeHud. [l yuciaeHHoro pemenus 3agadn Komm
npumensiercs MetoJ Pynre-Kyrra uerBeptoro mopsnka. Ilpemiaraemas yncieHHas peanu3ais WUTIOCTPUpPYeTCs
MIPUMEPOM.

KitroueBble cjioBa: KpaeBas 3aj1a4a C IIapaMeTpoM, HarpyxeHHoe quddepeHnnansHoe ypaBHEHHE, YHCIICH-
HBII METOJI, alNTOPUTM.
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