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DYNAMIC STABILITY OF WAVE PROCESSES OF A ROUND ROD

Abstract: This paper is devoted to the study of the stability dynamics of wave processes of flat and circular
elements, and also some axisymmetric problems of oscillation of an elastic layer limited by rigid or deformable
boundaries when exposed to normal or rotational shear stresses are considered. Solutions to the problems under
consideration were obtained using integral transformations by coordinate or time. The work develops the dynamic
stability of a round rod. The loss of stability of a round rod will be investigated on the basis of the mathematical
theory and the transverse oscillations of a round rod, described in the work of I.G. Philippov.

Key words: oscillations, stability, wave process, axisymmetric problems, round rod, exponential
transformation, shear stress.

The issues of stability in a static formulation have been developed by many authors, and the results of
such studies can be found in [1,2].

However, the issues of dynamic stability of elements’ construction and structures received much less
attention.

In this paper, the dynamic stability of a round rod is developed.

Consider a round elastic rod of length /. We will assume that an axial compressive force of intensity
is applied to the ends of the rod at any moment of time.

The loss of stability of a round rod will be investigated on the basis of the mathematical theory and
the transverse oscillation of a round rod, described in the work of I.G. Philippov [3].

The fourth order equation describing the transverse oscillation of the rod has the form.

o'V o'V o'V o
bt P = ED, M

where the constants A4 j are equal to

2 4 2 b2 2 13 2 _8b2
' /:3,24((; —+b2)) = ﬂ:;b(z (aa2 -b%) );A2 = “

7y - rod radius, @ and b - propagation velocity of longitudinal and transverse waves in the material of the
rod, u - the module of shift momyns cnBura, p - rod material density.

Under the action of compressive force for a small period of time Af when solving bending forces in
cross-sectional planes of the rod AF', as we know, equals to [2]
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oV
(3)

AF = AP<
1574

Summing (3) over time, we get the power /" :

oV
P dé 4)

F(z,t)=[P(-¢)

where the lower limit of integration depends on the beginning of the force P and, for example if P

power is applied at the # = 0 then the lower integration limit is also zero.
Obviously, if the compressive force is constant and is applied at the moment ¢ = 0, then it can be

written as P = F)H(t), rne H (t) Heaviside function, then we get the following: (4)

oV
Q)

F=-P
0 oz2

Therefore, equation (5) can be written in the following form

oV
P dé=0 (6)

V4

— + 4
A ot ldert T ozt

o'V o'V ov oV ¢,
4 +p = P=9)
0

To study the stability of the rod, it is necessary to formulate the boundary conditions at the ends of

2

V

=0, rigid fastening V' = a =0 , free ending
0z 0z

the rod. These conditions are: hinged joints V =

1 2 2 3
— 0 12/ 0 12/ =0; 0 2/ = (. In order to study the stability of the rod, it is necessary to formulate the
a~ ot 0z 0z
. . : . o .
boundary conditions at the ends of the rod. These conditions are: hinged joints V = P =0, rigid
z

fastening V' = aa—V =0, free ending

Z
2 2 3
LY 4O 43,
a” ot oz 0z
The solution of equation (6) will be sought believing that
V(z,t)=V,(z)exp(iox) (7)

where @ is oscillation frequency. Putting (7) into the equation (6), for mus ¥, we get the equation

d4V 4 T ' : d2V0 4 2
Ao’ - j P'(E)exp(iod)dE] o+ A0, = pV, =0 )
0

AZ
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Denoting by Q(@) Fourier’s exponential transform of rate of change of compressive force P'(),
equation (8) we write in the form

a', d’v,
B g BV =0 ©)

where the coefficients are B, B, are equal to

B~ A0 —0@. g A0 pe (10)
’ A2 ’ 1 AZ

For simplicity, we consider the case when the ends of the rod are hinged, i.e. at z=0 andz =/
conditions are met

o
V= =0 11
0z* b
The solution of equation (9) is sought in the form of
v,=3V, sin[? zj (12)
n=1

at the same time, boundary conditions (11) are satisfied automatically.
Putting (12) into the equation (9) for the length O(®) we get

O(0) = 4@ — A[ﬁj {Bl T (?) } (13)

BBenem 6e3pasMepHbIC BETUUHHBI
Let’s introduce dimensionless quantities

0,(¢)= Q(ai);&ﬂl;c:ﬂ(r—"j;b— 1=20 (14)

And then for O,(&) we get

_2[O@-50)c’+4],, . 8
Q"@_c{ 9100 }5 * 9 100 (>

where U - Poisson's ratio.

The physical meaning of the influence of the rate of change of the compressive force is that, it is
important that the impulse of this force or the rate of increase of the force over time as in the impact
theory.

You can also consider other types of binding. For example, you can search for solutions of equation
(9) in the form

— 92 ——
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, Cl[cos (a,2) | cos (a]z)}+ C{cos (,2)  cos (a]z)}+

n n n n
a 0 a 1 a 0 a 1

.\ C}[sin (onioz)+ sin (alz)} ) C{sin (z,z) sin (alz)}

m m
a, a, a, a

(16)

where C, - arbitrary constants, integers (n,m) are selected from conditionsat Z=0wu Z =1

a ; - the roots of the characteristic equation and are equal

2
aj:\/&i B—O—Bl
2 V4

In the case of rigid fastening of both ends of the rod integers (n =0,m= 1) and to find Q(w) we get
the transcendental equation

2 2
_&tra

2 sin(a,/)sin(e;/) - 2 cos(ex,! )cos(e,!) = 0, (17)

a,a,

Similarly, you can consider other combinations of conditions for binding the ends of the rod.

Some axisymmetric problems of oscillation of an elastic layer bounded by rigid or deformable
boundaries when exposed to a normal or rotational shear stress are considered below. Solutions to the
problems under consideration were obtained using integral transformations by coordinate or time.

First we consider the problem for half-space under the assumption that the half-space z > 0 is an
anisotropic medium with the axis of symmetry of the mechanical properties (axis) (axis z ), and the
surface of which is subjected to an impulse voltage at the time &_, = — f(r,?).

Because of the symmetry of the mechanical properties of the medium relative to the axisz of the
unique nonzero component of the displacement vector, U, (r,z,t) only the stresses and &,, and &, the

§r0 = Cnn(ﬁUO - ﬂ))

ones determined by formulas

or r

(18)

oU

520 = Cmm °

0z

The equation of motion reduces to one
2

6§r0 + 6§r0 + 2§r0 — p6 UO (19)

or Oz r ot’

Substituting the expressions for &, and &, from (18) into equation (19), we bring it to the form:

62U0+1%_&+ ,0°U, _ 10U, 20)
o’ r or oz b* o

where
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If the half-space is isotropic, then ¥ =1 and b = \/Z .
Yo,

The boundary conditions for U, has:

Eo,=—f(r,t) under z=0, 1> 0 21
U, > 0 under z — o (22)

The initial conditions of the problem are zero
U, = ouU, _
ot

0 under ¢ = 0 (23)
The solution of equation (20) for the boundary (21) - (22) and the initial conditions (6) will be sought,
by applying the Laplace transform. Suppose,

o0

U(r,z,p) = IUO(r, z,t)e_p'dt, Rep>0 (24)

0

Definitely, for the function U (r, z, p) we obtain the equation

o°U 10U (1 p? ,0°U
t—— 5+ U+ =0 25
or* ror (rz b’ 4 oz’ ()
And U must satisfy the boundary conditions:
aaU =— fog’,l’) under z=0, >0 (26)
4 66
U, > 0 under z - o 27)

where

fo(r,p) = I(r,t)e_ptdt.
0
The general solution of equation (25) is sought by the method of separation of variables (the Fourier
method) and has the form:

YW z 2.0
Ulr,z,p)=|a| Ala,ple 7' ¥ +Bla,ple”" * |J,(ar)da. (28)

S =38

where A(a, p) and B(a, p) are defined from boundary conditions (26)-(27) from the condition (29)
follows that

B(a,p)=0 (29)

— g4 ——
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Using boundary condition (26), for defining A(a, p) we’ll take integral equation:

P 2
J.ocA(a,p)wfaz +2_J(ar)da =L f,(r. p) (30)
0 b C66

Let
mr,p)!jom(a,p)a(m)da a1
Then
Ala, p)= (@, p) : (32)
C .la +p—2

Substituting expression (29) and (32) into formula (28), we obtain the following expression:

) _z a2+p—22
U(r,z, p)=-L [ afl(a’p)J(ar)e " da (33)
Cmm 0 2 p2
(04 +b72
We consider the special case when
fi(rop) = 2242) (34)

In case (34) function

and (33) has

z

F E{pN.a 1 pl |2 , z pllZ2 , z
Uz = §- e ko= i, ( J U J
le G r C, 3 2\y 7| 5| 26\ ¥ 7

b2

where K,,I, Bessel functions of imaginary argument. Using the representations of the functions /, (é’ )
2 2 2
and K,(£), for U(r, z, p) we find that

2

P P E 2

U(r,z,p)=bc(p°—(lf;) e —e"V (35)

Paying attention to the expression (35) in p, for the required value Uo(r,z,t), we’ll take the
expression
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UO(F’Z’t):be jﬁ(t—f){f[(é—%j—ﬂ g_l Z—z+r2 dé  (36)

where

Flr) =20

r
The resulting expression U, (r,z,t) consists of two terms, the first term corresponding to plane wave

propagating in half-space with velocity 7/ and parallel to the planez = 0, and the second term to the
diffracted wave, which has the form of half-ellipsoid of revolution (hemisphere at =1) and in contact
with plane wave on the rotation axis at z =b .

Besides, from (36) follows, that U (r,z,t) fades out from » as 1/r.

If the acting function f (r, t) is arbitrary, then we represent it in the form of Schlemmich series:

=l =L
era, ; (37)
where
) 2, (ch r)
t)=—j £.(0,2) +Uj EtdU;
s ,/1 g
(38)
, ReACG)
aj(t)=;J.Hcos(jU .([%gzdcf dUu;j=12,..

For f (r,t) type (37) function f, (a, p), entering to the formula (33), is

a,p)= égajo(p)fl(a - J) (39)

where
a,(p)=[a,(pk " dt. (40)
0
Following,
ENP N
0 © ¥ b?
U(r,z,p)=LZaj0(p) e—Jl(ar)da (41)
C66 j=0 0 2 ?
a+ P
b2

Paying attention (41) on p and using theory about convolution, we’ll take
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o0

U,(r,z,p)= 22 Zjaj(t—g)g(r,z,g)dg (42)

J

where

(43)

A.)K.CeiiTMypaTonl, B.K.)Kycinﬁelcl, I'.K.CoiasikoBa', A.Ceiit:kanosa’, V. K. Aiitumona’

"KopksIT ATazaTI:IH,Z[aFBI Kp13bu10p/1a MeMIIeKeTTIK YHUBEpcUTeTI, KpI3buiopaa;
WunoBauusisik Eypasust yuusepcureri, [1aBnonap;
3C.Ceitdymmn aTbingars! Ka3ak arpoTeXHHKATBIK YHHBEPCHTETI, ACTaHa;

JOHI'EJIEK ©3EKTIH TOJIKBIHABIK ITPOLOECTEPIHIH JMHAMUKAJIBIK TYPAKTBLJIBITFbI

AHHOTanmsi. Byt xKyMbIC Ka3bIK JKoHE aifHaIMalbl AJIEMEHTTEPIH TOJNKBIHIBIK MPOLECTEPiHIH OPHBIKTBUIBIK
JMHAMHUKACBHIH 3epTTEyre apHaJFaH, COHIal-aK MaKaia/ia KalbllThl HeMece aifHaIMallbl )KaHacy KepHeyJIepiHiH acep
€Tyl Ke3iHJe KaTThl HeMece AedopMalisuiaHaThIH IIeKapalapMeH IIeKTEeNTeH cepriMai Kadar TepOemniciHia Keiloip
OCECHMMETPISUIBIK, ecenTepi KapacThIpbUiaabl. KapacTHIpBUIATEIH ecenTepiH MemiMaepi KOOpIUHAT OOMBIHIIA
HeMece yaKbIT OOHBIHIIA HHTETpAJLABI TYPIACHAIpYIep Il Haiifanana OTBIPBIN ajblHFaH. JKyMbIcTa NOHTeNneK e3eKTiH
JMHAMHUKAJIBIK TYPAaKTBUIBIFBI KalJIbl ecenOiH TepeH 3epitTenei. JloHrenek 03eKTiH OPHBIKTBIIBIFBIHBIH aybITKYHI U.
I'. OununmoBTHIH KYMBICHIHAA OasHAAIFaHIal, OHTeNeK ©3eKTiH KeJlAeHEH TepOellici MaTeMaTHKAIIBIK TeOpHs
Heri3iH/e 3epTTeNeTiH 00JIa/IbL.

Tyiiin ce3: TepOenicTep, OPHBIKTBUIBIK, TOJKBIHIBIK MPOLECC, OCECUMMETPHANBIK €CeNTep, MAOHIEeNIeK O3¢K,
SKCIIOHEHIMANIIBI TYPIICHIPY, )KaHaMa KEepHeYy.

A.)K.CeiflTMypaTOBl, E.K.?Kycmlﬁelcl, I'.K.CoiasikoBa', A.Ceiit:kanoBa’, V. K. Aiitumona’

'KbI3bI10p AMHCKHIT rOCynapcTBenHbIi yauBepcuTeT nM.KopksiT ATa, Keissuiopsa;
*IHHOBALMOHHBIA EBpasuiickuii ynusepcurer, [1aBionap;
*Kasaxckuil arpOTeXHHIECKHi yausepcurteT nMeHu Caxerna CelipynnmnHa,Actana

JAHAMHUYECKAS YCTOMYABOCTH BOJTHOBBIX ITPOIIECCOB KPYTJIOI'O CTEPXHS

Annoranus: [lanHas paboTa MOCBsIIEHA H3YYCHHUIO THHAMHUKH YCTOWYHBOCTH BOJHOBBIX MPOIIECCOB TUIOCKHX
U KPYTOBBIX 3JIEMEHTOB, a TaKXXE PAacCMATPUBACTCS HEKOTOPHIE OCCCHMMETPUYHEIC 3a7add KOJEeOaHWs YIPYroro
CJIOSl OTPAaHUYCHHBIC YKECTKUMH U 1e()OPMUPYEMBIME TPAHUIIAMH IIPH BO3JCHCTBUU HA HETO HOPMAIBHOI'O WM
BpamaTeIbHOTO KacaTelIbHOTO HANpPKCHWH. PemeHms paccMaTpuBaeMbIX 3aad MOJIYYEeHBI C HCIIONBE30BAaHHEM
HHTETPaIbHBIX MpeoOpa3oBaHW 10 KOOpAWHATE WM 10 BpeMeHH. B paboTe pa3BHBaeTcs TUHAMHYECKAas
YCTOHYMBOCTh KPYTJOTro cTepxHs. IloTepss yCTOMYMBOCTH KPYTIOTO CTEpKHA OyAeT HCCIIEAOBAaTHCSI HAa OCHOBE
MaTeMaTH4eCKON TEOPHHU U TIOIIEPEYHOro KoJieOaHusi KPYTJIOTO CTEPIKHS, U3JI0KEHHO# B padote N.I'.dununmnosa.

KiroueBble cioBa: kxoneOaHUS, YCTOHYHBOCTb, BOJHOBOH NPOIECC, OCECHMMETPHUYHBIE 3aJadH, KpPYTJBIiA
CTEP>KHb, SKCIIOHEHLIMATILHOE NIPe00pa3oBaHue, KacaTelbHas HalpsDKeHHUSI.
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