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CALCULATION AND VISUALIZATION OF SMALL
OSCILLATIONS OF A DOUBLE PLANE PENDULUM

Abstract. The article considers the calculation and visualization of small oscillations of a double plane simple
pendulum. It contains the brief derivation of the motion equation and its solutions; the mathematical model of the
motion in the form of the system of nonlinear differential equations. Experiments with the double pendulum are
performed at various ratios of bodies’ masses and initial angles, in particular for three values of ;, = m, /m,: i=0.1,
= 0.2, 5= 0.3 when the lengths of the pendulum are / =/, = = 0.25m and g = 9.8 m/s’. The angles of pendulum
deviation are given in radians. The graphs of small oscillations of the pendulum show that beats occur in the system
during which energy cyclically passes from one pendulum to another. When one pendulum almost stops, the other
pendulum is at its maximum amplitude. After a while pendulums "exchange their states" and so on. Oscillations with
a bigger frequency w; are modulated by lower frequency oscillations with a frequency ws.

Key words. Double pendulum, small oscillations, beats, energy exchange, natural frequencies, natural mode.

Introduction. Nowadays all educational institutions of Kazakhstan are provided with computer
hardware and software, interactive boards and internet. Almost all teachers have completed language and
computer courses for professional development. Hence the educational institutions have all conditions for
using computer training programs and models for performing computer laboratory works. In recent years
the new computer system for carrying out mathematical calculations MATLAB is being widely used in
many universities and engineering institutions throughout the world [1-7]. Unfortunately, the numerical
calculations carried out by students are often done by means of the calculator. Modern computers are
frequently used only for presentation of the work. Actually students should be able not only to solve these
or other engineering problems, but also do them by using modern methods, that is, using personal
computers.

Students of the physics specialties SB060400 and 5B011000 successfully master the discipline
“Computer modeling of physical phenomena” which is the logical continuation of the disciplines
“Information technologies in teaching physics” and “Use of electronic textbooks in teaching physics”.
The goal of this discipline is to study and learn the MATLAB program language, acquaintance with its
huge opportunities for modeling and visualization of physical processes.

In our early works [8-26] we used the MATLAB system for modeling and visualization of physical
processes related with mechanics, molecular physics, electromagnetism and quantum physics. This
software has enabled us to solve ordinary differential equations (ODE), visualize equipotential lines of
charged conductors system, describe the motion of charged particles in electric, magnetic and
gravitational fields and etc.
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The present article is devoted to simulation of the double plane pendulum by using the package of
MATLAB applied programs.

Double pendulum is, undoubtedly, a real miracle of the nature. The jump of complexity which is
observed upon transition from a simple pendulum to a double one is amazing. Oscillations of the simple
pendulum are of periodic nature. At small deviations from equilibrium such oscillations are harmonic and
obey the sine or cosine law. In case of nonlinear oscillations the period depends on amplitude, but the
periodicity of motion is conserved. In other words, the approximation of small oscillations quite perfectly
reflects the essential properties of the simple pendulum.

The double pendulum "behaves" itself absolutely differently. At the mode of small oscillations the
double pendulum moves in a beat pattern, i.e. with variation of resultant amplitude with time. At the
increase of energy the nature of oscillations of the pendulum changes dramatically — oscillations become
chaotic. In spite of the fact that the double pendulum can be described by the system of several ordinary
differential equations, which is quite deterministic model, the emergence of chaos seems very unusual.
This situation reminds the Lorentz system where the deterministic model of three equations also reveals
chaotic behavior. Let's perform an experiment with the appendix given below and observe the motion of
the double pendulum at various ratios of bodies’ masses and initial angles.

At first we will develop the mathematical model of the double pendulum in the form of the system of
nonlinear differential equations. Let us begin with the derivation of Lagrange equations.

Lagrange equations. In Lagrangian mechanics the system is described by using the generalized
coordinates and the generalized velocities. In the considered problem the angles of deviation of the

pendulums &,,&, and angular velocities a ],d , are taken as such variables. Using the specified

variables, let us to derive the Lagrangian of the double pendulum and write down differential equations of
Lagrange.

The simplified model of the double pendulum is shown in figure 1. Let's consider rods to be
weightless. Their lengths are equal to /; and /,. The masses of small bodies (they are presented by balls of
finite radius) are m; and m,. It is assumed that there is no friction in suspension points.

xl x2

)7 | E— 1

v
y
Fig.1 - The simplified model of the double plane pendulum

The masses’ coordinates:
x,=lsine,, x,=I[sina,+1,sina,, O

y,=-l,cosa,, y,=—l,cosa,—1I,cosa,

The Lagrange function which is equal to the difference between kinetic and potential energies of the
pendulum (respectively T and V) is expressed by the formula:
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2 2
m,0 m,D
11+ 2%2

L=T-V= -V,-V,=
2 2 )
mz(x12+)712) mz(xj"'J’j)
= 5 + 3 -mgy,—mgy,
By taking into account the formula (1) we receive the following expression of the Lagrange function:
m m
L= 2 20 +—20c; +mlLa,a,cos(a, —a,)+
( 2 2 j 2 2 2%1 1772 ( 1 2 ) (3)

+m,gl,cosa, +m,gl, cosa, + m,gl, cosa,

Since we consider small oscillations the angles ¢,;,&, are small so the COS(O( f —0(2) can be

expanded into Maclaurin series:
(0‘1_0‘2)2 (2 _0‘2)4
cos(a, —a,)=1- S TR TR

We approximate the function COS(O! —a 2) by taking the first term of a Maclaurin series since the

subsequent terms are negligibly small. With this approximation the equation (3) becomes

L= (n;1+7j12 +%1§a§+m21112a,a2+

“4)
+m,gl, cosa, + m,gl,cosa, + m,gl,cosa,
Now we can write down the Lagrange equation:
d|( oL oL
S = |- =0; i=1,2 (5)
dt\ oa, ) Oaq,

Do the derivatives:

;—I_J = (m1 + m2)1120(, + mZI]lgdg;

a]

aa__L = m,l2d, + mlLd,;
aZ

d( oL ” y

Z[G_okj =(m, +m,) &, +myl 1Ld,;

d( oL . )

il agy =i e mit

aai :_ngll sin a,— zgl sin o, = |Sma = mlgllal _ngl]a];

1

aa_L = —m,gl,sina, =[sina ~ a|=—m,gla,:

aZ
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Put it all together to get two Lagrange’s differential equations:

d| oL oL . .
Z(a_a]} B 6_051 =(m, +m,)7&, +m,l1,é, +(m,+m,)gla, =0

d| OL oL .. .
Z(Ej B % - mglzzaz +myllL,a, +m,gla,=0

This system of differential equations can be written in a compact matrix form. Firstly, we introduce

the following matrixes:
(aj(t)J (ml +m2)lf m,l, 1,
, M

2

m,l,l, Ijmz

(m ,+m, ) gl, 0 0

0 ml, | ( j

Then the system of differential equations is expressed as
Ma+Ka=0

When there is the oscillation of one body such equation describes free undamped oscillation with a
particular frequency. In case of the double pendulum oscillation the solution of this equation (as you will
see below) will contain two characteristic frequencies which are called normal or natural modes. Natural
modes represent the real part of a complex vector function

a,(t) (H,)e™
a(t)= =Re o
a, (1) (H,)e
here H,, H, are the eigenvectors, @ is the real value of the frequency. The values of natural frequencies
@, , are determined by solving the characteristic equations

det(K —’M )=0
(m] +m,)gl, — o’ (m] + mz)lj2 —o’m,ll,
—w’m,l 1, m,gl, — w’m,l;
(m, +m2)g2 —a)z(m, +m2)(Z, +12)g+a)4m11112 =0
We obtained the biquadratic equation for frequencies @. Let us calculate the discriminant:
D:(m]+m2)2g2(ll+lz)2—4m1(m]+m2)gzl]lz =

=g (my+my)| (m,+m,) (1, +1,) = 4midl, |

Thus the square of the natural frequencies @), , is equal to

2 g

o, :—{(m, e )0, 1) ([ (m )+ 1) —4mll,lz}}

2ml 1,

— 72 ——
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This expression is quite lengthy. Therefore we assume that the lengths of both pendulums are the
same: [ ;= [ , = [ . Then the natural frequencies will be determined by more compact formula

6012,2=§[(1+,u)i (1+,u),u} where ,u:&

m,
This formula shows that natural frequencies @), , depend only upon the parameter 4 (when g/l =1).

If masses are identical m, =m, =m ,ie. U= 1 then the natural frequencies are equal to

,,= /%(M\E) :

Here is the MatlLab program for calculation and visualization of the double plane pendulum’s
oscillation:

>>mye=0.1;

>> =9 §;

>>1=0.25;

>>A=mye+((1+mye)*mye)."0.5;

>>w1=(g/1).10.5*(1+A).~0.5;

>>w2=(g/1).70.5*(1-A)."0.5;

>>t=0:0.1:5;

>>alfal=(-pi/12)*(mye./(1+mye))."0.5*(cos(w1.*t))+... (pi/12)*(mye./(1+mye)).~0.5*(cos(W2.*t));

>>plot(t,alfal)

>>orid on

>>hold on

>>alfa2=(pi/12)*cos(w1.*t)+(pi/12)*cos(w2.*1);

>> plot(t,alfa2,'ro-")

>>gtext('alfa2")

>> otext(‘alfal’)

>> gtext('mye=0.1")

The result is presented in the fig.2

alfa(t)

alfal,2, rad

-0.8

0

Fig.2 - The graphs of small oscillations of the double pendulum at £f; = 0.1
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>>mye=0.2;
>> g=9.8;
>> [=(.25;
>>  A=mye+((1+mye)*mye).”0.5;
>> wl=(g/1)."0.5*%(1+A).~0.5;
>> w2=(g/1)."0.5%(1-A)."0.5;
>>t=0:0.1:5;
>> alfal=(-pi/12)*(mye./(1+mye))."0.5*(cos(w1.¥t))+...
(pi/12)*(mye./(1+mye)).”0.5*(cos(W2.*t));
>> plot(t,alfal)
>> grid on
>> hold on
>> alfa2=(pi/12)*cos(w1.*t)+(pi/12)*cos(w2.*¥t);
>> plot(t,alfa2,'ro-")
>> otext('alfa2")
>> gotext('alfal')
>> gtext('mye=0.2")
The result is presented in the fig.3
alfa(t)

0.6

alfal,2 , rad

|
|
|
!
T
|
:
|
0.8 ‘
0 05 1

t.c
Fig.3 - The graphs of small oscillations of the double pendulum at ,=0.2

>>mye=0.3;

>> 0=9 §;

>>1=(.25;

>> A=mye+((1+mye)*mye)."0.5;

>> wl=(g/1)."0.5*%(1+A).~0.5;

>> w2=(g/1)."0.5%(1-A)."0.5;
>>t=0:0.1:5;
>>alfal=(-pi/12)*(mye./(1+mye)).0.5*%(cos(w1.¥t))+...
(pi/12)*(mye./(1+mye)).~0.5*(cos(W2.%t));
>> plot(t,alfal)

>>orid on

>>hold on

— 74 ——
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>>alfa2=(pi/12)*cos(w1.*t)+(pi/12)*cos(w2.*1);
>>plot(t,alfa2,'ro-")

>>gtext('alfa2")

>> otext('alfal’)

>> otext('mye=0.3")

The result is presented in the fig.4
alfa(t)

0.6

alfal,1, rad

Fig.4 - The graphs of small oscillations of the double pendulum at z4 = 0.3

Here angles ¢ 1(1), sz(t) are expressed in radians, and ¢ time is taken in seconds. Figures 2-4

demonstrate the graphs of small oscillations of pendulums for three values of u: 11=0.1, 1,=0.2, u;=0.3
when/ =/, =1=0.25m,g=9.3 m/s*. The angles of displacement of pendulums from equilibrium position

are given in radians. It is seen from the graphs that beats occur during double pendulum small oscillations
at which energy is cyclically transmitted from one pendulum to the other one. When one pendulum almost
stops, the other one is at its maximum amplitude. After a while pendulums "change roles" and so on.
Oscillations with a bigger frequency w, are modulated by lower-frequency oscillations with frequency w,.

Conclusion. The article considers the calculation and visualization of small oscillations of a double
plane simple pendulum. It contains the brief derivation of the motion equation and its solutions; the
mathematical model of the motion in the form of the system of nonlinear differential equations.
Experiments with the double pendulum are performed at various ratios of bodies’ masses and initial

angles, in particular for three values of (/ = m, / m,: = 0.1, o= 0.2, u3= 0.3 when the lengths of the

pendulum are / =/, = 1,= 0.25m and g = 9.8 m/s”. The angles of pendulum deviation are given in radians.
The graphs of small oscillations of the pendulum show that beats occur in the system during which energy
cyclically passes from one pendulum to another. When one pendulum almost stops, the other pendulum is
at its maximum amplitude. After a while pendulums "exchange their states" and so on. Oscillations with a
bigger frequency w; are modulated by lower frequency oscillations with a frequency w,. The results of
calculation and visualization of small oscillations of a double plane simple pendulum can be used in the
theoretical mechanics.
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K.A.Ka6bl16exoB', X.K.AG6apaxmanosa’,
Al Jacu6ekos', B.II1.Kexeadaes', I1.A.Cangaxmeros’

1M.28ye3013 atbiHgarsl OHTYCTiK Kazakcran Mmeminexkertik yHuBepcuteri, simkent, Kazakcran;
Omnryctik Kazakctan MeMIIeKeTTIK TeJarorukanblk yHuBepeurerti, Llpmvkent, Kazakctan

KOC KA3BIK MASITHUKTIH AYBITKYbI KIIII TEPBEJICTEPIH ECENITEY MEH BEWMHEJIEY

Annotanusi. Koc a3pIK MareMaTHKalIbIK MasTHUKTIH aybITKYBI Killi TepOericTepiH ecentey MeH OeifHeney
ycbiHbIaael.  Kosranplc TeHJeynepiH KOPBITHII IIBFapbUIybl MEH INEINiMi KENTipiIreH, CBI3BIKTHIK eMec
muddepentman Tenaeyiaep OOHBIHIIA MaTeMaTHKAJIBIK MOJAENI KypacThIpbUIFaH. JleHenepliH  MaccajlapblHBIH
OPTYpII KAThIHACTAphl MEH OACTAaIKbl aybITKy OYpBIIITAaphl OPTYpI, aTan aitmanma, g = 9.8m/c’, I=1,=1=0.25m
WIAPTBIH/A, Maccalap KATHIHACBIHBIH YIUTYPi MIaMaChIHAA 1/ = m, / m,: t=0.1, 15=0.2, 113=0.3 xarnaiinapsi YLLIiH

KOC MAsATHHUKTIH KO3FaJlBICBIH OaKpUIayFa apHaJNFaH OJKCIEPHUMEHTTEp  IKYPTi3iireH. MasSTHUKTEpIiH Kimmi
pebenictepiHiy rpaguKTepi KenTipiireH. AybITKy OyphILITaphl paauaHia GepiireH.

I'paduxrepaen xylene MassTHUKTEPIIH apachblHAA LUKJIAI SHEPTHUs aMacybl HOTHIKECIHAE COKKbI KYOBUIBICHI
naiiqa OonateiHbl  Oaiikanmajnpl. MATHHUKTIH OipeyiHiH aybITKybl TOKTaFaH/Ja EKIHIIICI MakcMMall aMIUIMTYIaja
TepOere Oacraiinel. Onaedip yaKpITTaH KeiiH MasSTHUKTEP POJIi aybICaIbl )KOHE OChUIANIIA KaTaiaHabl. Tepoeric
KU ) YIAKEHI )KUUTIT Killi @, TepOesicrieH MOy IsHsIaHa/Ibl.

Tyiiin ce3nep. Koc MasTHUK, aybITKYybI Killli TepOesicTep, COKKbI, SHEPTUSAMEH ajMacy, MEHILIKTI KHUIIKTEp,
HOpMaub (Taburu) Mozanap.

K.A.Ka6bui6exos', X.K.A6apaxmanoa’,
A1 Jacu6ekos', B.II1.Kexeadaes', I1.A.Cangaxmeros’

'FOsxHO0-KazaxcTaHckuii rocyapcTBeHHbI yHIBepeHTeT MM. M. Ay330Ba, IlIbiMkenT, Kazaxcra;
JOxn0-KazaxcraHckuii TOCYJapCTBEHHBIN Nefparornyeckuii yansepeutet, LlIsivkenT, Kazaxcran

PACYET W BU3YAJIN3AIINAS MAJBIX KOJEBAHUI JIBOMHOI'O INIOCKOT'O MASITHUKA

Annoranusa. [Ipennaraercs pacyer W BH3yallM3allsl  MaNbIX KOJCOAHWA JBOWHOTO IUIOCKOTO MaTEeMaTH-
YEeCKOro MasiTHUKA. [IpuBe/ieH KpaTKUi BHIBOJ YPaBHEHHS IBI)KCHUS M MX PEIICHUS, MOCTPOCHA MaTeMaTH4YecKast
MOZIeIb B BHIE CHCTEMBl HEIMHEHHBIX IubGEpeHINanbHpIX ypaBHeHWA.  [IpoBeAECHBI JKCIIEPUMEHTH IO
HAOJIOACHUIO 32 JBIDKEHUEM IBOWHOTO MAasATHUKA MPU Pa3IMYHBIX OTHOIICHHSX MAcC TeN W HAYaIbHBIX yIJax, B

YaCTHOCTH ISl TPEX 3HaYeHUd U = M, / m,: 1=0.1, 1,=0.2, 115=0.3, mpu ycnosum /=I,=/,=0.25m, g = 9.8Mm/c%.

[MpuBenensl rpaduKu MalbIX KOJIEOAHMH MAsSTHHUKOB. YTJbl OTKJIOHEHHS MAasSTHHKOB IPHUBEICHBI B paauaHax. U3
rpaMKOB BUJHO, YTO B CHCTEME HMPOUCXOISIT OMEHHS, IPU KOTOPBIX DHEPIHs LUKIUYECKH MEPEXOTUT OT OJHOTO
MasiTHUKAa K japyromy. Korja oJMH MasTHHK MMOYTH OCTaHABJIMBACTCSs, NPYrod PacKauyMBaeTCs C MaKCHUMAalbHOM
aMIuMTyIoi. Yepes HEKOTOpoe BpeMs MasTHHKH "MEHSIOTCS poismu"' u Tak nanee. KoneOanms c Oosbrei
YaCTOTOHN ] MOAYJUPYIOTCSI HU3KOYACTOTHBIMU KOJIEOaHUSIMU C YaCTOTOM .

KiroueBnie ciioBa. J/[BOitHOI MasTHUK, Majible KOJicOaHuUs, OMCHUSI, OOMCH SHEPIHSIMH, XapAKTEPHBIC YaCTOTHI,
HOpMaJIbHBIE MOJA.
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