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CALCULATION AND VISUALIZATION
OF QUANTUM-MECHANICAL TUNNEL EFFECT

Abstract. The article presents calculations and visualization of wave packet tunneling through the potential
barrier of various widths done by using the MATLAB software. The graph of distribution of the probability density
along barrier width is obtained in two and three dimensions. The article contains materials about quantum-
mechanical tunnel effect such as the reflection of the part of the wave packet from the potential barrier and passing
through the barrier of the other part. Calculations and visualization of the tunneling process are performed for
various widths of the barrier. Figures given in the article show the probability of finding the particle at a certain time,
i.e. the square of the absolute value of the state vect01r|,/,|2 . The part of the total number of particles tunnels through

barrier, the other part reflects from it. The probability of tunneling increases with decrease of the barrier width. The
detailed analysis of the graphs reveals that the wave function exponentially decreases inside the potential barrier
therefore the observation of this effect requires a rather small width of the barrier. Students are offered to develop
programs for various widths of the potential barrier. Results of experiments are used during the study of the quantum
mechanics.

Key words: wave packet, reflected wave, transmitted wave, potential barrier, barrier width, probability.

Nowadays all educational institutions of Kazakhstan are provided with computer hardware and
software, interactive boards and internet. Almost all teachers have completed language and computer
courses for professional development. Hence the educational institutions have all conditions for using
computer training programs and models for performing computer laboratory works. In recent years the
new computer system for carrying out mathematical calculations MATLAB is being widely used in many
universities and engineering institutions throughout the world [1-7]. Unfortunately, the numerical
calculations carried out by students are often done by means of the calculator. Modern computers are
frequently used only for presentation of the work. Actually students should be able not only to solve these
or other engineering problems, but also do them by using modern methods, that is, using personal
computers.

Students of the physics specialties SB060400 and 5B011000 successfully master the discipline
“Computer modeling of physical phenomena” which is the logical continuation of the disciplines
“Information technologies in teaching physics” and “Use of electronic textbooks in teaching physics”.
The goal of this discipline is to study and learn the MATLAB program language, acquaintance with its
huge opportunities for modeling and visualization of physical processes.

In our early works [8-26] we used the MATLAB system for modeling and visualization of physical
processes related with mechanics, molecular physics, electromagnetism and quantum physics. This
software has enabled us to solve ordinary differential equations (ODE), visualize equipotential lines of
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charged conductors system, describe the motion of charged particles in electric, magnetic and
gravitational fields and etc.

The present article is devoted to calculation and visualization of the quantum-mechanical tunnel
effect by using the package of MATLAB applied programs.

Formulation of the problem. Let us consider a well-known example — tunneling of the particle
through the potential barrier. Let the particle with mass m to move with speed v towards the potential
barrier of height x (fig.1).

V= mgx

F

T=mv2/2 T>V

L 4

Fig.1l - Tunneling of the particle through the potential barrier

According to the classical mechanics it can surmount this barrier if only its kinetic energy mv*/2 is
greater than the potential energy mgx necessary for surmounting the barrier. But quantum mechanics
states that there is a nonzero probability that the particle will surmount the "potential barrier" even its
energy is insufficient from the point of view of classical mechanics. It is said that the particle tunnels
through the potential barrier.

For calculation of this effect it is necessary to introduce into the Hamiltonian the potential V" as a
barrier and find how the wave packet will behave itself.

The apparent expression of the time evolution operator is:

0(1)= exp(_h/"hﬁ(t)j 1)

here H is the Hamiltonian operator.
In dynamic problems the state vector is usually chosen in the form of the wave packet localized in
small area of space. Let's take the state vector at the initial time to be the following function:

2
S\-1/4 ] X
w(x)=(xd exp| ipx — (2)
here p is the momentum of the particle, d is the “width” of the wave packet. The mass of the particle
and Planck’s constant are taken to be equal to one. The real part of the function is shown in the fig.2.
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Fig.2 - The wave function at the initial time
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This function doesn’t depend upon the time. To find the function at the other moment of time it is
necessary to act on it with the evolution operator (1).

The dynamics of this action can be observed by using the following Matlab program:

a) barrier’s width d = 1;

clear % cleaning of the screen

%% Initial data

n = 200; % the number of points (depends upon the power of PC)

% wave packet

p = -4; % packet momentum

d = 1; % barrier’s width

x = linspace(-10,10,n);

offset = -7;

wave = ((exp(li*p*(x-offset))).*(exp(-((x-offset).”2)/(2*d"2))))./((pi*d"2)"1/4);

wave = wave';

%%

x = linspace(-6, 6, n)';

h=(x(2)x(1));

Dsquared = (diag(ones(1,n-1),1) - 2*diag(ones(1,n)) + diag(ones(1,n-1), -1))/h"2; % the second
derivative

V = ((x > 0).*%(x<0.5))*60; % potential barrier

%%

H =-Dsquared + diag(V); % Hamiltonian

t=0.01; % the initial moment of time

figurel = figure;

axes| = axes('Parent',figurel);

fori=1:55 % the cycle for results output

%%

U = expm(-1i*t*H); % time evolution operator

%%

wavel = U*wave; % application of the evolution operator to the wave packet

t=1+0.01;

% plot(x, real(wavel),'Color',[1 0 0]) % the real part of the wave function

plot(x, abs(wavel).”2,'Color',[1 0 0]) % visualization of the probability

hold % resolution of the drawing

plot(x,V) % visualization

ylim(axes1,[-0.5 2]);

hold % resolution of the drawing

pause(0.2); % in dependence upon the power of PC

end

The result is shown in the fig.3 (the tunneling picture).
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Fig.3 - Tunneling through the potential barrier with the width d =1
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b) barrier width d = 1;

clear % cleaning of the screen

%% Initial data

n = 200; % the number of points (depends upon the power of PC)

% wave packet

p = -4; % packet momentum

>> d=1.25; % barrier’s width

>>x = linspace (-10, 10, n);

offset = -7;

wave = ((exp(li*p*(x-offset))).*(exp(-((x-offset).”2)/(2*d"2))))./((pi*d 2)*1/4);

wave = wave';

%%

x = linspace (-6, 6, n)';

h=(x 2)-x(1));

Dsquared = (diag(ones(1,n-1),1) - 2*diag(ones(1,n)) + diag(ones(1,n-1), -1))/h"2; % the second
derivative

V = ((x > 0).*%(x<0.5))*60; % potential barrier

%%

H = -Dsquared + diag (V); % Hamiltonian

t=0.01; % the initial moment of time

figurel = figure;

axesl = axes ('Parent,figurel);

for i = 1:55 % the cycle for results output

U = expm(-1i*t*H); % time evolution operator

wavel = U*wave; % application of the evolution operator to the wave packet

t=1+0.01;

% plot(x, real (wavel),'Color',[1 0 0]) % the real part of the wave function

plot(x, abs (wavel).”2,'Color',[1 0 0]) % visualization of the probability

hold % resolution of the drawing

plot(x,V) % visualization

ylim(axes1,[-0.5 2]);

hold % resolution of the drawing

pause(0.2); % in dependence upon the power of PC

end

The result is shown in the fig.4

probability

= -4 -2 0 2 4 5

Fig.4 - Tunneling through the potential barrier with the width d =1.25
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¢) barrier’s width d=1.5;

% cleaning of the screen

%% Initial data

>>n = 200; % the number of points (depends upon the power of PC)

% wave packet

>>p = -4; % packet momentum

>>d=1.5; % barrier’s width

>>x = linspace (-10, 10, n);

>>offset = -7;

>>wave = ((exp (1i*p*(x-offset))). * (exp(-((x-ffset).”2)/(2*d"2))))./((pi*d"2)"1/4);

>>wave = wave';

%%

>>x = linspace(-6, 6, n)';

>>h = (x(2)x(1);

>>Dsquared = (diag(ones(1,n-1),1) - 2*diag(ones(1,n)) + diag(ones(1,n-1), -1))/h"*2; % the second
derivative

V = ((x > 0).*%(x<0.5))*60; % potential barrier

%%

>>H = -Dsquared + diag(V); % Hamiltonian

%%

>>t = (.01; % the initial moment of time

>>figurel = figure;

>>axes| = axes('Parent',figurel);

>>for i = 1:55 % the cycle for results output

%%

>>U = expm(-1i*t*H); % time evolution operator

%%

>>wavel = U*wave; % application of the evolution operator to the wave packet

>>t = t+0.01;

% plot(x, real(wavel),'Color',[1 0 0]) % the real part of the wave function

>>plot(x, abs(wavel).”2,'Color',[1 0 0]) % visualization of the probability

>>hold % resolution of the drawing

>>plot(x,V) % visualization

>>ylim(axes1,[-0.5 2]);

>>hold % resolution of the drawing

>>pause(0.2); % in dependence upon the power of PC

>>end

The result is shown in the fig.5

The program for visualization of the particle tunneling through potential barrier in three dimensions
when d =1is given as the following:

clear % cleaning of the screen

%% Initial data

>>n = 70; % the number of points (depends upon the power of PC)

% wave packet

>>px = 7; % x —component of the momentum

>>d=1;
>>x = linspace(-10,10,n);
>>offset = 5;

waveX=((exp(1i*px*(x-offset))).* (exp(-((x-offset).”2)/(2*d"2))))./((pi*d*2)"1/4);
>>waveX = waveX'; % x —component of the wave packet

— (4 ——
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Fig.5 - Tunneling through the potential barrier with the width d =1.5

>>py = 0; % y —component of the momentum

>>d=1;
>>y = linspace(-10,10,n);
>>offset = 0;

waveY=((exp(1i*py*(y-offset))).* (exp(-((y-offset).”2)/(2*d"2))))./((pi*d*2)"1/4);
>>waveY =waveY'; % y —component of the wave packet

>>wave = waveY *waveX'; % two dimensional wave packet

%% components of Hamilton operator

>>h =x(2)-x(1);

Dsquared = (diag(ones(1,n-1),1) - 2*diag(ones(1,n)) + diag(ones(1,n-1), -1))/h"2; %second derivative
>>V = ((x > 0).%(x<0.3))*60; % x-component of the potential barrier

>>Hx = -Dsquared + diag(V); % x-component of Hamiltonian

>>Hy = -Dsquared; % y-component of Hamiltonian

%%

>>t = (; %the initial moment of time

>>figurel = figure;

>>axes| = axes('Parent',figurel);

>>for tt=1:43 % The main cycle of the results output

>>Ux = expm(-1i*t*Hx); % x-component of the time evolution operator

>>Uy = expm(-1i*t*Hy); % y-component of the time evolution operator

%% application of the x-component of the time evolution operator to the wave packet
for i=1:n

>>wave(i,:) = (Ux*wave(i,:)")';

>>end

%% application of the y-component of the time evolution operator to the wave packet
for i=1:n

>>wave(:,i) = Uy*wave(:,1);

>>end

%% drawing the graphs

>> [X,Y] = meshgrid(x,y);

>>mesh(X,Y,abs(wave))

>>7zlim(axes1,[0 1.5]);

>>t=t+0.002;

>>pause(0.5); % in dependence upon the power of PC

>>end
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The result is shown in the fig.6

10" 10

Fig.6 - Tunneling through the potential barrier with the width d =1 in three dimensions

Conclusion

The article presents the program for calculation and visualization of tunneling of a wave packet
through a potential barrier with various widths. The graphs of the probability density versus barrier width
are drawn in two- and three-dimensions. Brief data from the theory of quantum mechanical tunnel effect
states that the one part of the wave packet is reflected from a potential barrier and the other part passes
through it. Calculations and visualization of the particle tunneling are given for various width of the
barrier. The obtained figures show the squares of absolute values of the state vector, i.e. the probability to
find the particle at a given moment of time. The part of the total number of particles tunnels through the
barrier, and the other part of them is reflected. The probability of passing through the barrier increases
with the decrease of the barrier’s width. The detailed analysis of the graphs reveals that the wave function
exponentially decreases inside the potential barrier therefore the observation of this effect requires a rather
small width of the barrier. Students are offered to develop programs for various widths of the potential
barrier. Results of experiments are used during the study of the quantum mechanics.

K.A. Ka6buioexos', A.JI. TacuGexos’,
X.K. AﬁllanMaHOBaz, H.A.CamlaXMeTOB', b.111. Kenenﬁaen'

1M.28ye3013 arbiHaarel OHTYCTiK Kazakcran MmemiiekerTik yauBepceureri, Lsimkent, Kazaxcran;
Omntyctik KazakcTan MemiiekeTTiK neqarorukanslk yauBepeureri, Llsmvkent, Kazaxcran

MATLAB )KYWECIHJIE «<KBAHTTBIK MEXHHUKAJIBIK
TYHHEJLAIK D®EKTIHI ECEIITEY MEH BEMHEJIEY»

AnHoTanusi. TONKBIHABIK MAKETTIH MOTECHIUAIABIK TOCKAYBUIaH TYHHENCHIN OTY MPOLECIH ecenTey MeH
OeifHeNney YCHIHBIIAIBI )KOHE BIKTHMAJIIBIK THIFBI3ABIFIHBIH TOCKAYBUI €HI OOHBIHIA ©3TepiCiHIH eKi eNIeMIIK XKoHe
YIIOJIEeMIIK KeHICTIKTe rpauKTepiH caly YChIHBbUIaAbl. KBaTThIK-MeXaHUKAJbIK TyHHEIIK 3 deKTiHiH KpicKala
TEOPUSICHl OEPUIreH: TOCKAYbLJIFAa COKKAH TOJKBIH/ABIK MAaKeTTiH Oip 0eiri TocKaybUIAaH IIaFbLIagbl, ajl KaJFaH
Oeuiri TockaybulgaH eTeni. TockaybUIIbIH SHIHIH OpTYpJl IIamMachlHa OaiJIaHBICThI TYHHEINZICHY €CENTENreH JKOHe
ocitnenenren. CyperTep/e Kyil BEKTOPBIHBIH a0COIOT [IIaMACBHIHBIH KBaJAPAThl CaJIbIHFaH, SFHH OCPIIreH yaKbITTaFbl
OeumIekTiH TaObLTYBIHBIH BIKTUMAJIIBIFBI CANIbIHFaH. TOCKaybUIFa COKKaH OeJIIIeKTep IiH Kalllbl CAaHbIHBIH Oip OeJriri
TyHHEJJICHEI J1e, al KajifaH OeJiri TOCKYbUIAaH MIarblianbl. TOCKAybUIIaH ©TY BIKTUMAJBIFI OHBIH CHI
KimipeyiMeH apraabl. IlpomecTi TanmaynaH KeleciHi 0alKaWTBIHBIMBI3: TOCKAYBUI iIIIHAE TOIKBIHABIK (YHKIIHS
9KCITIOHEHIIMAJIBI OIIe/li, COHIBIKTAaH OHBI OaKpUIay YIIH TOCKAYBULABIH €HIH MYMKIHJITIHIIEe KIillipeHTy Kepek.
Crynentrepre o3 OeriHme OipHeme TaxipuOenep jkacay YChIHbUIQABL. ToxipuOenep HITIKeNepl KBaHTTBIK
MEXaHHUKaHbl MEHIePY /1€ KOJIAaHbUIAIbI.

Tyiiin ce3nep. TONKBIHIBIK MAKET, MIAFBUIFAH TOJKBIH, OTKEH TOJKBIH, OTCHIHAIBHBIK TOCKAYBUI, TOCKAYBLI
€Hl, BIKTUMAaJIIBIK.
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«PACYHET 1 BU3YAJIM3ALNA KBAHTOBOMEXAHUYECKOI'O
TYHHEJIBHOI'O D®®EKTA» B CUCTEME MATLAB

Annotanus. Ilpemaraercs mporpamMma pacueTa W BU3YQIM3allMU IIpoIecca TYHHEIMPOBAHUS BOJIHOBOTO
IaKeTa CKBO3b IMOTEHIMAIBHBIN Oapbep ¢ MOCTpOeHHEM TIpaduka 3aBHCUMOCTH IUIOTHOCTH BEPOSITHOCTH BJIOJb
MMpHUHBl Oapbepa B JBYMEPHOM M TPEXMEPHOM Npe/CTaBIECHUsX. [IpUBOISATCS KpaTKHE CBEIEHHS W3 TEOPHH
KBAaHTOBOMEXaHMYECKOTO TYHHHENBHOTO 3((eKTa: 4acTh BOJHOBOIO MAKeTa OTPa)kaeTcsi OT IMOTCHIMAIbHOIO
Oapbepa, HO Apyras 4acTh MPOXOMUT ero. [IpuBeieHbl pacyeThl U BU3yaIU3aLys TYHHEIHPOBAHHS IIPH Pa3IHYHON
mmpuHe Gaphepa. Ha pHCYHKAaX IMOKa3aHbl KBaJpaT aGCONIOTHOTO 3HAYEHHS BEKTOPA COCTOSHHMA |y|°, TO ecTh
BEPOSATHOCTH OOHAPYXKUTh YaCTUILY B JJaHHBIH MOMEHT BpeMeHH. 13 0011ero Koau4yecTa 4acTHIl Kakas-TO UX 4acTh
TYHHEJIUPYET CKBO3b Oapbep, a Kakas-To OTpaxxaeTcsi. BeposaTHOCTh MPOX0XKIEHHS yBEINUNBACTCS C YMEHbBIICHHEM
TONIMMHEI Gapbepa. [leTalbHbli aHAIN3 IOKAa3bIBAET, YTO BOJHOBAs (DYHKIUS SKCIIOHEHLHANBHO 3aTyXaeT BHYTPH
MOTEHLUAJIBHOTO Oapbepa, MO3TOMYy Uil HaOmoaeHus naHHoro sddexra mmpuHa Oapbepa IODKHA OBITH
JocTtaToyHo Mana. CTyleHTaM IpeUlaraeTcs caMOCTOATENbHO MOAKCIEPUEHTHPOBATh. Pe3ybTaThl SKCIEpUMEHTOB
UCIIOJIB3YIOTCSI IPY U3YYEHUN M OCBOCHHH KBaHTOBOW MEXaHUKH.

KiroueBble cioBa. BoiHOBOII maker, oTpaskeHHas BOJIHA, IPOILIENIIAsl BOJIHA, HMOTEHIHMAIBHBINA Oapbep,
myprHa 6apbepa, BEpOsITHOCTb.
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