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GREEN TENSOR OF MOTION EQUATIONS
OF TWO COMPONENTS
BIOT’S MEDIUM BY STATIONARY VIBRATIONS

Abstract. Here processes of wave propagation in a two-component Biot’s medium are considered which are
generated by periodic forces actions. By use Fourier transformation of generalized functions, the Green tensor - a
fundamental solutions of oscillation equations of this medium has been constructed. This tensor describes the process
of propagation of harmonic waves of a fixed frequency in spaces of dimension N = 1,23 under the action of power
sources concentrated at the coordinates origin, described by a singular delta -function. Based on it, generalized
solutions of these equations are constructed under the action of various sources of periodic perturbations, which are
described by both regular and singular generalized functions. For regular acting forces, integral representations of
solutions are given that can be used to calculate the stress-strain state of a porous water-saturated medium.

Key words: Biot’s medium, solid and liquid components, fundamental solution, generalized direct and inverse
Fourier transform, regularization.

Various mathematical models of deformable solids mechanics are used in the study of seismic
processes in the earth's crust. The processes of waves propagation are most studied in elastic media. But
these models do not take into account many real properties of the ambient array. These are, for example,
the presence of groundwater, which complicates the construction and operation of surface and
underground structures, affect the magnitude and distribution of stresses. Models, which take into account
the water saturation form the earth's crust structures, the presence of gas bubbles, etc., are multi-
component medium. A variety of multicomponent media, the complexity of the processes associated with
their deformation, lead to a large difference in the methods of analysis and modelling used in the solution
of wave problems.

Porous medium saturated with liquid or gas, from the point of view of continuum mechanics, is
essentially a two-phase continuous medium, one phase of which is particles of liquid (gas), other solid
particles is its elastic skeleton. There are various mathematical models of such media, developed by
various authors. The most famous of them are the models of M. Biot, V.N. Nikolaevsky, L.P. Horoshun
[1-7]. However, the class of solved tasks to them is very limited and mainly associated with the
construction and study of particular solutions of these equations based on the methods of full and partial
separation of variables and theory of special functions in the works of Rakhmatullin, H. A., Saatov Ya. U.,
Filippov 1. G., Artykov T. U. [6,7], Erzhanov Zh. S, Ataliev Sh.M., Alexeyeva L.A., Shershnev V.V. [8,9]
etc. In this regard, it is important to develop effective methods of solution of boundary value problems for
such media with use of modern mathematical methods.

Periodic on time processes are very widespread in practice. By this cause here we consider the
process of wave propagation in the Biot’s medium, posed by the periodic forces of different types. Based
on Fourier transformation of generalized functions we constructed fundamental solutions of oscillation
equations of Biot’s medium. It is Green’s tensor, which describes the process of propagation of harmonic
waves at a fixed frequency in the space-time of dimension N=1,2,3, under the action of concentrated at
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the coordinates origin. By use this tensor we construct generalized solutions of these equations for
arbitrary sources of periodic disturbances, which can be described both regular and singular distributions.
They can be used to calculate the stress-strain state of a porous water-saturated medium by seismic waves
propagation.

1 The parameters and motion equations of a two-components M. Biot medium
The equations of motion of a homogeneous isotropic two-component M. Biot medium are described
by the following system of second-order hyperbolic equations [1-3]:

(A+ u)graddivu, + pAu, + Qgraddivi, + F* (x,t) = pyjii, + pii,

: : .. .. )
Ograddivu, + Rgraddivu, + F/ (x,t) = pyii, + pyii,

(x,t ) e RY x [0,00) . Here N is the dimension of the space. At a plane deformation N=2, the total

spatial deformation corresponds to N=3, at N=1 the equations describe the dynamics of a porous liquid-

saturated rod. We denote U, =U; (x,t)e ', a displacements vector of the elastic skeleton,

Up=Ug (x, t )e I is the displacements vector of a liquid, e; ( j=1L...,N ) are the basic orts of the

Lagrangian Cartesian coordinate system (everywhere by repeating indices there is summation from 1 to
N).

Constants 15 )25 > have the dimension of mass density and are associated with the density of

the masses of the particles, composing a skeleton (,and a fluid p . by relationships:

P11 :(l_m)ps ~ P2 P =MmMPr = P,

where m is a porosity of medium. The constant of the attached density [}, is related to the dispersion of

the deviation of the micro-velocities of the fluid particles in the pores from the average velocity of the
fluid flow and depends on the geometry of the pores. Elastic constants A, 4/ are the Lame parameters of an

isotropic elastic skeleton, and Q, R characterize the interaction of the skeleton with a liquid on the basis of
Biot law for stresses:

o =(ﬂ@kuk +Q6kUk)5l-j +,u(8iul- +8jul-)
O = —mp :RakUk +Q@kuk

2)

Here o (x, t ) are the stress tensor in the skeleton, p(X,t) is a pressure in the fluid. Further we use

the notations for partial derivatives: 0y :i u.,.=0.u., A:akak is Laplace operator. The
ox. ok k=g

X

external mass forces acting on the skeleton F*=F J-S(x,l‘ )e j and on the liquid component
S S
F —Fj (x,t)ej.

There are three sound speeds in this medium:

[ [
s _atNa —Amas o 5 o N —4ayay pyH 3)

Cci = =
1 s 2 s 3
2a, 2a, a,

where the next constants were introduced:

Q, =(/1+2,u),022 +Rp11 _2Qp12’ a, = PuPrn _(/012)2’ a, =(/1+2,Ll)R—Q2
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The first two speeds C;,Cy (Cl > Cz) describe the velocity of propagation of two types of
dilatational waves. The second slower dilatation wave is called the repackaging wave. A third velocity C;
corresponds to shear waves and at Ojp = 0 coincides with velocity of transverse waves propagation in

an elastic skeleton (C3 <().

We introduce also two velocities of propagation of dilatational waves in corresponding elastic
body and in an ideal compressible fluid:

A+2u R

CS = N Cf =
P P2

2 Problems of periodic oscillations of the Biot’s medium

Construction of motion equation solutions by periodic oscillations is very important for practice
since existing power sources of disturbances are often periodic in time and therefore can be decomposed
into a finite or infinite Fourier series in the form:

)-SR, P (a)=SE @

where periods of oscillation of each harmonic T;z =27/ @), are multiple to the general period T of

oscillation. Therefore, it is enough to consider the case of stationary oscillations, when the acting forces
are periodic on time with an oscillation frequency (U:

F? (x,t)zFS (x)e_ia”, Ff(x,t)zFf(x)e_ia’t (5)
The solution of the equations (1) can be represented in the similar form:

ug(x,0)=ug(x)e™™, u,(x)=us(x)e”’™ (6)

where the complex amplitudes of the displacements 2 (x ) Uy (x) must be determined. If the solution

has been known for any frequency m, then we get similar decomposition for the displacements of the
medium:
u'(x,t)= Z u; (x)e_’m"t, u’ (x,1)= Z ul (x)e_m’"t (7
n n
which give us the solution of problem for forces (4).

We get equations for complex amplitudes by stationary oscillations, substituting (6) into the system
(1:
(A + u)graddivu’ + pAu® + Qgraddivu’ + F*(x)=—p,,0°u’ - pj,0u’

Ograddivu® + Rgraddivu’ + F/ (x)=—pp,0°u’ - ppo’u’

®)
To construct the solutions of this system we define Green tensor of it.
3 Green tensor of Biot equations by stationary oscillations
Let’s construct fundamental solutions of the system (1) in the form:
Fs 5]E]]ek .
— a)z‘ .
= §(x)e “ k=L..,N,j=1..,2N (9)

F') \8ver

— 4 ——
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where 5/{ is Kronecker symbol. They describe the motion of Biot medium at the action of sources of

stationary oscillations, concentrated in the point x=0. The upper index of this tensor fixes the current
concentrated force and its direction. The lower index corresponds to component of the movement of the
skeleton and fluid, respectively k =1,...,N and k = N +1,....,2N .

Their complex amplitudes U 111 (x,w) (j,m=1,...,2N) satisfy to the next system of equation:

k k 2 k k+N 2 k+N k _
(10)
k 27 7k k+N 27 rk+N k
QU ji + P Up oy +RUS + pp@ U™ +8(x) 55,y =0
j=1L..,2N, k=1,.,2N
Since fundamental solutions are not unique, we’ll construct such, which tend to zero at infinity:

Ul-j(x,a))—>0 at ||x||—>oo (1)
and satisfy to radiation condition of type of Somerfield radiation conditions [10].

Matrix of such fundamental equations is names Green tensor of Eq. (8).

4 Fourie transform of fundamental solutions

To construct U, ,{1 (x,®) we use the Fourier transformation, which for regular functions has the form:

Flp(x)]1=5(£) = [ p(x)e"*Vx,..dxy

RN

ﬁ [ o(6)e ™ Vag,...az,
RN

where é: Z(é,...,éN) are Fourier variables. Let’s apply Fourier transformation to Eqgs (10), and use

Fp(&)=9(x)=

property of Fourier transform of derivatives [10]:
— & —-ié i (12)

Then we get the system of 2N linear algebraic equations for the Fourier components of this tensor:
—k 22—k —k 2 —k 2_k k
_(ﬂ + ﬂ)gj‘ijj - ,UHGEH Uj—08,6;Ujin + pp@°Uj+ p0°Ujin +0; =0,

—k —k —k —k
—0¢,6;Uj —RS;GU jin + Plza’zUj + Pzza’zUﬁN + 5]]'C+N =0,

j=l.uN, k=N+L..,2N 13

By use gradient-divergence method this system has been solved by us. For this the next basic function
were introduced
(&)

Y _Jule®) 14
fOk(@g’w) Ck2H5H2_a)29 f] (59(0) i > J s < ( )

and the next theorem was proved [11,12].
Theorem 1. Components of Fourier transform of fundamental solutions have the form
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j=LN, k=1N,

U ( )( lé:k)[ﬂlfm f22+ﬂ3f23] a (p125jk+1v p225jl'{)f03

2

_1;+N - ( l§ )(_ié:k )[71]{21 + 72f22 + 73f23 o +N ”‘f” fz3 (pllé‘]kJrN + plzgf)ﬁ)s

2 2

j=L..N k=N+1..2N

Uk ( )( Gy N)[nlle +h S + 773f23] +— (,0125]k+N ,022511.c )fo3

U];'+N = (_ié:j )(_i‘gk—N)[Qﬁle +6, /0t Q'3f23] - o +N H‘QZH S~ (pllé‘]k+N + :0125]]'c )fos
2 a,
where the next constants have been introduced:

1 2 2
Dl: > O =6 ~Cm> 0 =0pn - (A+u)p. 42=pR-0py,

HYp
dl =(ﬂ+,u),022 -0pp, d2 =0p» —Rp;,, d3_j :plzcjz' -0 (j=12)
G+ D€ ; _ ¢ .
B =(-D"—L(dp, +dydy;), B =- (dby+dydyy );
LY QU505
. D Dy,
= ()T (qbs +gads; ), =20 (b s+ gadss )
7 =D Y (91 5T 492 31) 73 031017 (91 137492 33)
) D 2 c2v
a21)3 j arU31V3,
j+ chjz' c32012
¢;=(=D (Q1d3j +q2b(4—j)s)5 3 :——(Q1d33 +‘Izb3s) b; = pnv;,by; = pv;.
LU ; HU31V5,

This form is very convenient for constructing originals of Green tensor.
5 Green tensor construction. Radiation conditions
At first let’s construct the originals of basic function:
Py, (x,0) = F'[ f,, (&, 0)]
which, in accordance to its definition (14), satisfy to the equation
(c2 e - @2) fon =1- 15

Using the property (12) for derivatives from here we get Helmholtz equation for fundamental

. cq - -2
solution (accurate within a factor C,~ ) :
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(A+k2)D,, +¢,26(x)=0, k, = (16)
C

m

Fundamental solutions of Helmholtz equation which satisfy to Sommerfeld conditions of radiation: at

F—c
D'y, (r) ~ ik, @y, (1) = O(™), N =3,
@y, (r) =ik, @y ()= 00" ), N=2.

are well known [10]. They are unique. Using them we obtain:

1 ; w
for N =3 CDOm _ —2€1kmr’ km _ :
4rre Cp
N=2 @, = H (k
for - 0om — 4C2 0 mr)’
where H 5.1) ( k, r) is cylindrical Hankel function of the first kind;
sink, |x|
for N =1 @om = 5
2k c,

These functions (subject to factor € ! )) describe harmonic waves which move from x=0 to infinity
and decay at infinity. Last property is true only for N=2,3. In the case N=1 all fundamental solutions of

Eq. (16) :
2
(E + knij(DOm + C;lzé‘(.X) = 0,

don’t decay at infinity.
From theorem 1 the next theorem follows.

Theorem 2. The components of Green tensor of Biot’s equations at stationary oscillations with
frequency i, satisfying the conditions of radiation, have the form:

for j:I,_N, kzl,_N,

U].C:_a)_ziﬂ %+L(p 6 - p §k)(D
j 2 maxjﬁxk - 120,48 — P29 |Po3,

U]':N:—w_zi?’mazq)om"‘ £ (C§25( )+k3q)0m) i+N 1(,0115 N+10125 )@03;
/ Ox.0x;,  a,m* ’ a

for j=1,...,N k=N+1,...,2N

3 2
) 07D, 1
== n;nmﬁxa(y)ck a_2(10125 N ,0225 )(Do3

3 2
o2 0D, = 2 K 1 k k
]+N ng o + a2w2 (6 5( )+k3 Dy, )07 _a_z(p115j+N + P10, )‘D03
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where
d’®, 1 .
dx;)m :2cikm(km2(smkm |x|)—2km5(x)) Jor N =1,
= ——(0.5k, (Ho o) = Hy ()1 7o e () ) for N =2,

ox;0x, 4y,

2
0Dy, _ | e VsjVok (ikm_lj +i2 +r>jk(ikm_lj for N=3;
r

- 2
ox,0x,  4rre, r r
® Y 1 XX
km: ,7":||x, 7",].:—, rbz'j:_ é‘ij_ 2
c r r r

m

Proof. By use originals of basic functions , property (12) of derivatives, we can obtain from

—k
formulas for U ; in theorem 1 the originals of all addends, beside that which contain factor ||r§||2 But

using (16) we have

SAD =28 (x)+ k2D, o |E fon = K2 S,

Then formulas of Theorem 2 follow from formulas of Theorem 1.
Conclusion. Under the action of arbitrary mass forces with frequency @ in the Biot’s medium, the
solution for complex amplitudes has the form of a tensor-functional convolution:

uj(x,t)=Uf(x,a))*Fk(x)e_i“”,j,k=1,2N (17)

Note that mass forces may be different from the space of generalized vector-function, singular and
regular. Since Green tensor is singular, contains delta-functions, this convolution are calculated on the rule
of convolution in generalized function space. If a support of acting forces are bounded (contained in a ball
of finite radius), then all convolutions exist. If supports are not bounded, then the existence condition (17)
require some limitations on behavior of forces at infinity which depend on the type of mass forces.

The obtained solutions allow us to study the dynamics of porous water and gas-saturated media at the
action of periodic sources of disturbances of a sufficiently arbitrary form. In particular, under the action of
certain forces on surfaces, for example cracks, in porous media that can be simulated by simple and
double layers on the crack surface.

There is another interesting feature of the Green tensor of the Biot equations, which contains, as one
of the terms, the delta function what complicates the application of this tensor for solving boundary value
problems based on the boundary element method or boundary untegral equations method [13,14]. Here,
when constructing the model, the viscosity of the liquid is not taken into account, which, apparently, leads
to the presence of such terms, and requires improvement of this model taking into account the viscosity.
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JILA. Anekceesal, E.b. Kypmanos!?

"MareMaTHKa KoHE MaTEeMAaTHKAIIBIK Mmogenbaey nHeTuTyTsl KP BEM, Anvarter, Kazakcras;
2on-®apabu areiagarsl Kazax ¥urTeik YHuBepeuteti, Anmarsl, Kazakcran

CTAIIMOHAP TEPBEJIICTEP KE3IH/IEI'T
EKI KOMIIOHEHTTI M. BUO OPTACBIHBIH
KO3rAJIbIC TEHJAEYIHIH I'PUH TEH30PbI

AnHoTanusi. Karrel cepmimml JKoHE HAeaNabl CYHBIKTAH TYPAThIH €Ki KOMITOHEHTTI buo opraHbl
KapacTblpambl3. MyH/ail OpTaHbIH KO3FAJIbIChl KATThl KOHE CYHMBIK KOMIIOHEHTTEpPIIH OpBIH aybICTBIPYBI YIIiH
rUIepOOIIANIBIK TUIITET] eKiHII peTTi quddepeHmanapK TeHaeyaepaiy OipikkeH KyieciMeH cunarraiaasl. OpTypii
THUITEr] IEPHOITHI KYLITEP TyIbIPAThIH OMO OpTaaaFbl TOJKBIHAAPIBIH Tapay IpoLEecTepi 3epTTENreH.

by xkylieHin cramuonapnsl memrmaepi N = 1,2,3 enmemaep KEHICTITHACTI TAPMOHHUKAIBIK TepoOeaicTepai
cunartaiinel. byn okarmaiima kypaeni TepOeiic aMIUIMTYAAchl YIIIH TEHAEYJep Kyiecl SJUIMITHKAJIBIK TYpHe
Oonazapl. Kannpuianran QyHKUMSIIAPIBIH JKOHE OHBIH KacuerTepiniH Dypbe TypieHaipyi Heri3iHae opTara Tepoenic
TEHJICYJIEPiHIH ipreni MeniMi — CHHTYJISIPIIbL JefbTa (YHKIUSICBIMEH CUIATTAIFAH LIBIFY KO3iHE IOFbIPJIaHFaH KYII
KO3/IEPiHIH 9CEPIHEH TYPaKThl KUUIIKTEr! yaKbITTHIK-TApMOHHUKAJBIK TOJKBIHIAPABIH TapallyblH CUIATTalTBhIH Bbro
opTa — ['puH TE€H30pPbI TYPFBI3bUI/IBI.

TypakThl oHE CHHTYJISIPIIB JKabUIAHFaH (PYHKLIMSUIAPMEH CUIATTAJAThIH MEPUOITHIK Oy3yJIaplblH opTypai
KO3/IepiHiH ocepi Ke3iH/e, OChl TeHJESYNEpIiH KalbUIaHFaH IISIiMAepl TYPFbI3bUIIbL. AJIBIHFAH HOTWIKENEp/l ra3
KOHE CYWBIK KaHBIKKAH K€YEKTI OpTaJlarbl TOJIKBIHBIK MPOLECTEP/Ii 3epTTEy YLIIH KOJIIaHyFa 00Iabl.

Tyiiin ce3aep: buo oprackl, KaTThl kKoHE CYHBIK KOMIIOHEHTTEp, Iprefi IIeliM, KallbUIaHFaH Typa jKoHe Kepi
Dypbe TypreHIipyiepi, peryispusanus.

JI.A. Anekceenal, E.B. Kypmanos!?

"MucTuTyT MaTeMaTHKy ¥ MaTeMaTuyeckoro moaenuposanus MOH PK, Anmartsl, Kasaxcran;
?Ka3axcKuii HAlMOHAJILHBIA YHUBEPCUTET UMEHH alb-Dapabu, Anmartsl, Kaszaxcran

TEH30P T'PUHA YPABHEHUIA
JBUKEHMSI IBYXKOMIIOHEHTHOIA
CPEJIbI M. BUO TP CTAIIMOHAPHBIX KOJIEBAHHUSIX

Annotanus. PaccmatpuBaercst AByXKOMIIOHEHTHast cpesia bro, copepikaniys TBEpIylo YIpyry0 KOMIOHEHTY
W WIealbHYI0 JKHIKYyIO. J[BH)KEHHE Takoil cpelbl OIKCHIBAETCs CBsI3aHHOW cucTeMol uddepeHnnanbHbIX
YpaBHEHHI B YacTHBIX NPOM3BOJHBIX BTOPOTO IOPSAKA T'MIIEPOOJIMYECKOr0 THMA JUIS NMEpeMEelIeHHH TBEpAOH u
KHIKOW KOMIIOHEHTHI. MccneaytoTess Impolecchl pacipocTpaHeHHs BOJH B cpene bro, mopoxxiaaemble neHCTBYIO-
IAMH NEPUOANYECKUMHU CHIIaAMH PAa3JIMYHOTO THIIA.

CrposiTcsi  CTallMOHApHbIE PELICHUS] OSTOM CUCTEMbI, OIMCHIBAIOLIME TapMOHHYECKHE KoyebaHus B
npoctpancTBax pasmepHocty N = 1,2,3. B 3ToM ciydyae cucTteMa ypaBHEHHM ISl KOMILIEKCHBIX aMIUIUTY]I
KosieOaHui siBisieTcs: umMnTrdeckod. Ha ocHoBe mpeobpazoBanust Dypbe 0000IIEHHBIX (GYHKIHUNA U €ro CBOMCTB
MOCTPOeHO (hYyHIAMEHTAILHOE PEIlieHHE ypaBHEHH KojebaHuii cpensl bro - Tensop 'puHa, KOTOPBINA OMUCHIBACT
NPOLIECC PACIPOCTPAHEHUS] TapMOHHUYECKMX M0 BPEMEHHM BOJH (UKCUPOBAHHON YacTOTHl MpH JEHCTBHU
COCPEZOTOUEHHBIX B HaYalle KOOPJMHAT CHJIOBBIX HCTOYHHKOB, OIMCHIBAEMBIX CHHTYJISIPHOM JieNbTa-(hyHKIHEH.

Ha ero ocHoBe mocTpoeHbl OOOOLICHHBIE pPEIIEHUS 3THX YPaBHEHWI IpH AEHCTBUU pa3zHOOOpa3HBIX
WCTOYHHMKOB MEPHOANYECKUX BO3MYILEHHH, KOTOPHIE ONHMCBHIBAIOTCS KaK DEryJspHBIMH, TaK W CHHTYJISAPHBIMH
0000menHbIME QyHKUIMSIMHU. [oJTydeHHBIE pelIeHns] MOXKHO MCIIOJIb30BaTh JIsl HCCIIEI0OBAHUS BOJIHOBBIX ITPOLIECCOB
B Ta30- 1 )KHUIKOHACHIIICHHBIX MIOPUCTBIX CPEAaX.

KaroueBsbie ciioBa: cpena bro, TBepias u skuikasi KOMIIOHEHTHI, (DyHAaMEHTAIbHOE pelleHrne, 0000eHHoe
npsiMoe U 00paTHoe npeodpaszoBanue Dypbe, perysspu3aims.
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